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SL>-ORBITS AND DEGENERATIONS OF MIXED
HODGE STRUCTURE

GREGORY PEARLSTEIN

Abstract

We extend Schmid’s SLo-orbit theorem to a class of variations
of mixed Hodge structure which normal functions, logarithmic de-
formations, degenerations of 1-motives and archimedean heights.
In particular, as a consequence of this theorem, we obtain a simple
formula for the asymptotic behavior of the archimedean height of
a flat family of algebraic cycles which depends only on the weight
filtration and local monodromy.

1. Introduction

Let f: X — S be a smooth, projective morphism of complex, quasi-
projective varieties. Then, by the work of Griffiths [18], the cohomol-
ogy groups Vs = H*(X,) patch together to form a variation of Hodge
structure V over S. Furthermore, as a consequence of Schmid’s orbit
theorems [34], [7], one has a complete local theory regarding how such
variations of Hodge structure degenerate along the boundary of a (par-
tial) compactification S — S.

Namely, by the work of Hironaka [22] and Borel [11], we can re-
strict our attention to the case where S is a product of punctured disks
A*™" and the monodromy representation of V is given by a system of
unipotent transformations T} = e Ni. Schmid’s nilpotent orbit theo-
rem asserts that, after lifting the period map of V to a m-equivariant
map

F:U"—-D
from a product of upper half-planes into the corresponding classifying
space of polarized Hodge structure, there exists an associated nilpotent
orbit

0(z) = exp Z ziNj | Fuo
J
which is asymptotic to F'(z) with respect to a suitable metric on D.
Furthermore, the possible nilpotent orbits 6(z) which can arise in this
way are, in turn, classified by the SLg-orbit theorem [34], [7] which,
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roughly speaking, says that every such nilpotent orbit 6(z) is asymptotic
to another nilpotent orbit é(z) which arises from a representation of
SLa(R)™.

More precisely, recall that the Lie group Ggr consisting of all real
automorphisms of the polarization acts transitively on D. Accordingly,
a 1-variable nilpotent orbit é(z) is said to be an SLy-orbit if there exists
a base point F, € D and a Lie homomorphism 9 : SLy(R) — Gg such
that

0 (g\/__l) = ¢(g)'Fo-
Schmid’s 1-variable SLo-orbit theorem then asserts that given any nilpo-
tent orbit e*N.F of pure, polarized Hodge structure, there exists a SLo-
orbit eV F , and a distinguished real analytic function
g: (a,0) — Gp
such that
(a) €N F = g(y)eVN . F;
(b) g(y) and g~!(y) have convergent series expansions about oo of the
form (1 + Y70, Agy™") with Ay € ker(ad N)FFL.
Likewise, in the several variable case, every m-variable nilpotent orbit
is asymptotic via a g(y)-like function to an SL3-orbit over a suitable
region of U™.

In this article, we consider analogous questions for morphisms f :
X — S which are no longer necessarily proper or smooth. In this
context, the variations of pure Hodge structure considered above are re-
placed (cf. §3) by variations of graded-polarized mixed Hodge structure
which are admissible in the sense of Steenbrink and Zucker [37].

In [31], we proved that for admissible variations over a 1-dimensional
base S, one has a corresponding nilpotent orbit theorem. To state our
main result, we recall (cf. §2) that the period map of a variation of
graded-polarized mixed Hodge structure takes values in the quotient of
a classifying space M of graded-polarized mixed Hodge structure upon
which a Lie group G acts transitively by automorphisms. Furthermore
[25], in this setting the natural analogs of the SLg-orbits considered
above are admissible nilpotent orbits e*" F for which the associated
limiting mixed Hodge structure (cf. §3) is split over R.

Accordingly, by virtue of the above remarks, it is natural to conjecture
that given an admissible nilpotent orbit e*".F, there should exist a split
orbit V. F and a distinguished real analytic function

g:(a,00) — G
such that

(a) eWN F :g(y)ein.ﬁ';
(b) g(00) :=limy o g(y) € ker(ad N);
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(c) g7 (c0)g(y) and g~ '(y)g(co) have convergent series expansions
about oo of the form (1 + ", ., Ary ") with Ay € ker(ad )+,

In §6-9, we prove the existence [Theorem (4.2)] of such a function
g(y) provided the Hodge numbers of the associated classifying space M
belong to one of the following two subcases, each of which arises in a
number of geometric settings (e.g., 1-motives [12], logarithmic deforma-
tions [38], moduli of curves [20]):

(I) 2 =0 unless p+q=Fk, k—1;
(IT) A?? =0 unless p+q =2k —1, or (p,q) = (k, k), (k—1,k—1).

In particular, as a consequence of the SLg-orbit theorem described
above, we obtain a simple formula for the asymptotic behavior of the
archimedean height [1], [2], [16]

h(s) = (Zs,Ws) oo

of a flat family of algebraic cycles Z;, W5, C X, over a smooth curve
S, which depends only on the weight filtration and local monodromy of
the associated variation of mixed Hodge structure [19]. Applying this
result to the case where X is the Jacobian bundle attached to a family
of smooth projective curves and Z, W arise from the Ceresa cycle gives
an alternate proof of some recent results of Hain and Reed [20] on the
biextension line bundle over M,.

As in [34], [7], the proof of Theorem (4.2) boils down to the con-
struction of an explicit solution to an associated system of “monopole
equations” attached to the nilpotent orbit e*V.F. More precisely (cf.
§2), in each of the two subcases (I) and (II) considered above, there
exists a natural subgroup H of G which acts transitively on the cor-
responding classifying space M by isometries. As such (cf. §6), each
choice of base point F, € M defines an auxiliary principal bundle

Hf — H — H/H™

P over M. Accordingly, a choice of connection V on P determines a
lift of N .F,, to an H-valued function h(y) which is tangent to V.
Moreover, as in [34], the resulting function h(y) satisfies a differential
equation [Theorem (6.11)] of the form

(1.1) h1% = L Ad(h Y (y))N

relative to a suitable endomorphism L of h = Lie (H). In particular, as
a consequence of equation (1.1), the Hodge components

Bly) = B4 Hy) + 8"y) + 87 y) + 84 Hy) + 87 0(y)
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of the function B(y) = Ad (h=Y(y))N associated to a nilpotent orbit
eWN F of type (I) satisfy the following system of differential equations

(1.2) d%ﬂo(y):—[ﬂo(y)’Lﬁo(y)]v Boy) = 3 F(),

r+s=0
d /3-10 00 11 ~1,0
(1.3) ay <go,—1> =v-1 (22?1?1’_1 Ezggo,o > <go,—1> :

Following [34], we then observe that equation (1.2) becomes equiva-
lent to Nahm’s equations [23]

(1.4) —Qd%xﬂy) — [Z(y), X (v), Qd%x-@) — [Z(y), X~ (1)
—d%Z(y) — X (). X ()

upon setting X*(y) = 2i#'!(y), Z(y) = 2ip°%(y) and X~ (y) =
—2i3711(y). Moreover, using the methods of [7], one can construct
a series solution (cf. §7) to equation (1.4) in the form of a function

(1.5)  ®(y) : (a,00) — Hom(sla(C), gc), d(y) = Zq;nyflfn/?
n>0
such that X~ (y) = ®(y)z~, Z(y) = ®(y)3, and X" (y) = ®(y)z" where:

B VA (0 —i L1l i
(16) = _5(—¢ —1)’ 3_<z’ 0>’ v _§<i —1)'

Building upon the series solution (1.5), we then construct a similar
series solution to (1.3) in §8. Taken with equation (1.1), such a series
solution for ((y) then allows us to compute h(y) modulo left multipli-
cation by an element h, € H. Imposing the boundary condition

lim e ¥Nh(y).F, = F

y—00
then determines h,. Having computed h(y), the desired function g(y)
is then given by the formula

h(y) = g(y)y "
where H = ®g(xt +27).

To illustrate how the SLo-orbit theorem described above works in the
context of a geometric example, let X be a compact Riemann surface
and

(1-7) €1 = €12 — C11, Co = C22 — C21

be a pair of disjoint 0-cycles on X. Then (up to an additive constant),
there exists a unique harmonic function f : X — |ca|] — R such that

L af —iap)

2

(1.8) 0=
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is a holomorphic 1-form on X — |cz| with simple poles along |ca| =
{c22, c21} and residues

1 1
= 2—7”,, RGSC21 (Q) = ——.

The archimedean height of ¢; and cs is then defined to be

(1.9) (e, ) = 27 Tm (/ Q) |

To bring in the mixed Hodge structures, we now recall [12] that the
elements of H'(X —|cz|) can be decomposed according to (mixed) Hodge
type. Furthermore, with respect to this decomposition, {2 generates the
classes of type (1,1). As such, the integral (1.9) can be viewed as a
period of H'(X — |ea|) with respect to ¢;. Therefore, upon varying
the triple (X, c1,c2), the integral (1.9) defines a “period map” whose
asymptotic behavior is governed by Theorem (4.2). In particular [The-
orem (5.19)], near a degenerate point s = 0,

Resc,, (2)

(c1(s), ca(s)) = —plog|s|
where p is a constant which depends only on the local monodromy of

the associated variation of mixed Hodge structure.
More concretely, let £ — A* be the family of elliptic curves

E,=C/(Z®1(s)Z)
defined by the function 7(s) = X log(s) and
h(s) = <€3 — €0,€62 — €1>

be the height function determined by the 2-torsion points

1 1
eg = 0, 6125, 62:%, 6325(1—1—7').
Then, a short calculation shows that
V2 1
h(s) = —log 192222 + 3 log | exp(—2mies)|

where ¢ is Riemann’s theta function, and hence h(s) ~ —3log|s| as
s — 0.

To illustrate another application of the SLs-orbit theorem, let
F:U—-M

be the period map of a non-constant, admissible variation of type (I).
Then, as a consequence of Theorem (4.2), the holomorphic sectional
curvature of F'(z) is negative, and bounded away from zero as Im(z) —
oo [Theorem (4.9)].

Heuristically, the proof of this fact boils down to replacing F(z) by
the corresponding split orbit é(z) = ¢*N F and then noting that split
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orbits of type (I) are actually SLy-orbits. More precisely, by virtue of
the above remarks,

1Fu(d/dz)l| pz) ~ 10:(d/d2) ] g

Accordingly, since é(z) is a nilpotent orbit, é*(%) is basically just NV,
and hence (up to a constant scalar factor)

1E(d/d2) [l pezy = [Nl

Therefore (cf. §2), since the real elements of G act on M by isometries,
it then follows that

1Nl = IV gosreins o = IV Lo -

Consequently, since é(z) is actually an SLg-orbit,
eWN = exp <—% log(y)H) N F
where H is real and [H, N] = —2N. Thus,
IEu@/d2) e ~ IV, = I o ity e

1
= ||Ad <exp <2 log(y)H>> Nl v g

= (1/y)HNHez‘N,ﬁw
and hence the pullback of the metric of M along F' is asymptotic to a
constant multiple of the Poincaré metric.

Acknowledgements. [ wish to thank the Institute for Advanced Study,
the Max—Planck Institut fiir Mathematik, Bonn and the University of
Massachusetts, Amherst for their generous hospitality during the prepa-
ration of this manuscript. I also wish to thank Richard Hain for sug-
gesting the applications of this work to Arakelov geometry presented in
85.

2. Preliminary Remarks

In this section, we recall the construction of the period map of a
variation of graded-polarized mixed Hodge structure, and discuss the
geometry of the associated classifying spaces of graded-polarized mixed
Hodge structure [24], [30], [38].

Definition 2.1. Let S be a complex manifold. Then, a variation
of graded-polarized mixed Hodge structure V over S consists of the
following data:

(1) A finite rank, Q-local system Vg over S;

(2) A rational, increasing filtration --- C Wy C Wy C -+ of Vo =

Vo ® C by sublocal systems;
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(3) A decreasing filtration --- C FP C FP~1 C ... of Vo ® Og by
holomorphic subbundles;
(4) A collection of non-degenerate bilinear forms

Qk: G’ (Vo) @ Gy (Vo) — @
of alternating parity (—1);

subject to the following two conditions:

(a) F is horizontal with respect to the Gauss-Manin connection V of
V, ie., V(FP) C FP-1 o Qk;

(b) For each index k, (GTZV(V@),fGrkW,Qk) is a variation of pure,
polarized Hodge structure of weight k.

Remark. The rational structure of V plays no role in either the
statement or the proof of the SLa-orbit theorem. With the exception of
the material on Arakelov geometry in §5, all of the results in this paper
are valid in the category of real variations of graded-polarized mixed
Hodge structure.

In analogy with the pure case [34], the isomorphism class of a vari-
ation of graded-polarized mixed Hodge structure ¥V — S is determined
by its period map

(2.2) p: S5 —IT'\M, I' = Image(p)

and its monodromy representation p : m(S,s9) — GL(V) on a fixed
reference fiber V- =V, . More precisely, let W and @ = {Qy} denote
the specialization of the weight filtration and graded-polarizations of
Y to V. Define X to be the flag variety consisting of all decreasing
filtrations F' of V¢ such that

dim(F?) = rank(F?)

and let M denote the classifying space [30] consisting of all filtrations
F € X such that (F,W) is a mixed Hodge structure which is graded-
polarized by Q. Then, the period map (2.2) is obtained by simply
pulling back the Hodge filtration F of V to Vs, via the Gauss—Manin
connection.

As in the pure case, the classifying spaces M defined above are com-
plex manifolds upon which a real Lie group acts transitively by complex
automorphisms. In the subsections below, we shall introduce a certain
“maximally homogeneous” hermitian metric on M, and compute its
curvature.

Theorem 2.3 ([30]). The classifying space M is a complex manifold
upon which the real Lie group

G ={g€ GL(Ve)" | Gr(g) € Autp(Q)}
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acts transitively by automorphisms, where GL(Ve)W denotes the stabi-
lizer of W in GL(V¢), and Gr(g) denotes the induced action of g €
GL(Vg) on Gr'V.

Proof. That G acts transitively on M is a matter of simple linear
algebra. In particular, since G acts transitively on M, the orbit M C X
of F, € M under the action of the complex Lie group

Ge = {g € GL(Vc)" | Gr(g) € Autc(Q)}

is well defined, independent of F,,. Therefore, in order to show that M
is a complex manifold on which G acts by automorphisms, it is sufficient
to show (cf. [30]) that M is an open subset of M = G@/Gg", i.e., for
every F' € M, there exists a neighborhood U of 1 in G¢ such that

gc €U = gc.F € M.
q.e.d.

Warning. G¢ is the complexification of Gg = G N GL(Vg). In
general, G # Gg.

In order to construct a hermitian metric on M, we now recall the
following result of Deligne [12]:

Theorem 2.4. Let (F,W) be a mized Hodge structure. Then, there
erists a unique, functorial bigrading

(2.5) Ve =Ep 1
psq

of the underlying complex vector space V¢ such that
(a) FP = @a>p 1
(b) Wi = @atpr 1%
(c) IP4 = I%P mod Dregs<p I™°.

Corollary 2.6. Fach choice of graded-polarization Q@ = {Qr} of
(F,W) determines a unique, functorial mized Hodge metric hyp on V¢
such that

(i) The decomposition (2.5) is orthogonal with respect to hp;
(ii) u, v € IP = hp(u,v) = P71Qptq([u], [7]).
Accordingly, via the standard identification of Tp(M) with a subspace
of
Tr(X) = €D Hom(F?, Vg /F?)
p
the mized Hodge metric (2.6) extends to a hermitian metric h on T'(M).

Remark. Equivalently, the induced metric (2.6) on T'(M) can be
described as follows: Let F' be a point in M. Then, application of
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Theorem (2.4) to the mixed Hodge structure (F-gc, W.gc) defines a
functorial bigrading

r+s<0
such that
tr = D o(rw)
r<0

is a vector space complement to the isotopy algebra gg of F in gc.
Consequently,
(2.8) Tp(M) = tp
via the differential of the exponential map
e:tp — M, e(u) = exp(u).F.
Moreover, relative to the isomorphism (2.8), hp(a, 8) = Tr (af%)..

In the pure case, the metric (2.6) can be identified with a G-invariant
metric on the corresponding classifying space of pure, polarized Hodge
structure D. In contrast, in the mixed case, the action of G on M
usually has non-compact isotopy, and hence there usually do not exist
any G-invariant metrics on M. Nonetheless, both the decomposition

(2.5) and the metric (2.6) are maximally homogeneous in the following
sense:

Theorem 2.9 ([24]). Let F' € M, Gr = GNGL(Vr) and

-1,-1 r,s
A(F,W) = GB 8rw)

r,8<0
Then,
—1,-1
(2.10) M = Gg exp(A(F,W)).F.
Moreover, given any element g € Ggr U exp(A(_}},’Vx):
() TGy = 91w

ii) The induced map Lgs : Tp(M) — Ty p(M) is an isometry.
g g

To compute the curvature of T'(M) with respect to the mixed Hodge
metric, let us fix a point F' € M. Then, on account of equation (2.10),
every element gc € Gg such that gc.F € M admits a factorization of
the form:

(2.11) gc = gref

where g € Gg, e* € exp(A(;}’V;;) and f € GE. Moreover, (cf. [30])
by restricting the possible values of A\ and log(f) one can define a dis-
tinguished real-analytic factorization of the form (2.11) over a neigh-

borhood of 1 € G¢. Accordingly, by combining this factorization with
Theorem (2.9), we can then calculate the curvature of M following [11]:
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Theorem 2.12 ([29]). Let F € M, and gc =0+ ®no®@n- & A~ b71
denote the decomposition of gc defined by the subalgebras

@ gFW) @ g(FW

r>0,s<0 r<0,s>0
_ 490 —1,-1 _
0= 8(rw) =D 8wy
r,s<0

Let my, my, m— and wp denote the corresponding projection operators
form gc onto ny, no, n— and A=Y, Then, relative to the identification
(2.8), the hermitian holomorphic curvature of T(M) at F with respect
to the mized Hodge metric (2.6) is given by the formula:

R(u,v) = S(u,v) — S(v,u)

where

S(u,v) = mead (<7r+ [0, u] + %wdv,u]) + <7T+ [a,v] + %m[u,v]>*>
+ [meadmy (0), madmy ()]

and 7y denotes orthogonal projection from gl(Vi) onto tp with respect
to hF

Corollary 2.13. The holomorphic sectional curvature of M along
u € Tp(M) is given by the formula R(u) = hp(S(u, @)u,u)/h3(u,u).

Remark. Unlike the pure case, the mixed Hodge metric h need not
have negative holomorphic sectional curvature along horizontal direc-
tions. The underlying reason for this is that G need not be semisimple,
and hence one can construct holomorphic, horizontal maps F' : C — M.

Following [24], in order to address the fact that G usually acts with
non-compact isotopy on M, we now construct a natural fibration M —
Mg such that:

(i) Ggr acts transitively by isometries on Mg;

(ii) The fiber over F' is isomorphic to the subalgebra
_17_1 .
A(F,W) N Lie(GR)
via the map A — e F.

To this end, we recall that a grading of an increasing filtration W
of a finite dimensional vector space V is a semisimple endomorphism
Y of V such that Wy is the direct sum of Wj_1 and the k-eigenspace
Ei(Y) for each index k. In particular, by Theorem (2.4), each mixed
Hodge structure (F, W) induces a functorial grading Y = Y{z ) on the
underlying weight filtration W via the rule:

(2.14) E.(Y)= @ 1

pta=k
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Accordingly, a mixed Hodge structure (F,W) is said to be split over
R if and only if the associated grading (2.14) is defined over R, i.e.,
Ira = JoP,

Theorem 2.15 ([24]). The locus of points F' € M such that (F,W)
1s split over R is a C°° submanifold of M on which Gg acts transitively
by isometries.

To continue [24], let 7 : M — Mg be a C* fibration such that:

(a) w(F) € exp(Agyy ' )-F;

(b) g € Gr = 7(g.F) = g.m(F);

(¢c) Fe Mr = =n(F)=F.
Then, on account of the fact that

exp (A(_Fl”v;,) NGE =
the equation
n(F)=e(F)"L.F

defines a C*° function e : M — G such that

(1) e(F) € exp(AGti)):

(2) F:=e(F)"LF € Mg;

(3) g € Gr = e(g.F) = Ad(g)e(F);

(4) Fe Mrp = e(F)=1.
Conversely, given a C'*° function e : M — G which satisfies conditions
(1)—(4), the above process can be inverted to define a corresponding

fibration 7 : M — Mp as above. Thus, as a consequence of the next
result, there exists a unique fibration M — Mp such that

e(F) = e(F)7".

Theorem 2.16 ([7]). Let (F,W) be a mized Hodge structure. Then
there exists a unique, real element

S A(FW) = @ gl (Ve) (mwy

r,5<0
such that (F,W) = (e7".F, W) is split over R.

Proof. Let Y = Yy denote the grading (2.14) of W. Then, by
virtue of Theorem (2.4),

Y=Y mod A(FW)

-1

Consequently (cf. [7]), there exists a unique real element 0 of A( )

such that

Y _ —2i5 Y.
Therefore, by virtue of part (i) of Theorem (2.9), (F,W) = (e 7™ .F,W)
is split over R, with grading Y(F wy =€ Y(F Ww)- q.e.d.
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In particular, since both the mixed Hodge metric and the splitting
operation (2.16) depend upon the Deligne-Hodge decomposition (2.5),
the complexity of the fibration M — Mp provides a measure of the
failure of G to act on M by isometries. As such, the next result implies
that the geometry of the classifying spaces considered in §1 should be
“simple” [cf. Theorem (2.19)]:

Theorem 2.17. Let M be a classifying space of type (I) or (IT) (cf.

§1), and
Lie_, (W) ={a € gl(V) | a(Wg) C Wi_,}.
Then, the fibration M — Mg defined by Theorem (2.16) is isomorphic
to the trivial fibration
M 2R x Mg

where d = dimg Lie_o(W).

Proof. If M is type (I) then d = 0 and every point F' € M is split
over R due to the short length of W. Similarly, if M is type (II) then

(2.18) A(—F{vv;; =g = P ¢ =Lie (W)
ptg=—2
due to the Hodge numbers of M. Consequently, in this case, the fibra-
tion M — Mp is given by the formula
eANF i F,  MeLie o(W)Ngl(Vg), F & Mg.
q.e.d.

Theorem 2.19. Let M be a classifying space of type (1) or (II).

Then, the subgroup
H={g€ G|Gr(g) € Autr(Wy/W_2)}

of G consisting of those elements g € G which induce real automor-

phisms of Wy /Wi_o for all k, acts transitively on M by isometries.

Proof. If M is type (I) then M = Mg and H = Gg, so we’re done
by Theorem (2.15). Suppose therefore that M is type (II). Then, since
H contains the subgroups Ggr and

exp (A(;’V;” = exp(Lie_a(W))

for every point F' € M, it then follows from Theorem (2.9) that H acts
transitively on M. To see that H acts by isometries, recall [7] that the
set Y(W) consisting of all gradings Y of W is an affine space upon which
exp(Lie_1 (1)) acts simply transitively by the rule

(2.20) g.Y =Ad(g)Y.

Accordingly, given any element g € G and any grading Y € Y(W), there
exist unique elements g* € GY and g_; € exp(Lie_i(W)) such that

(2.21) 9=9-19"
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and g.Y =¢g_1.Y.

Suppose now that Y = Y. Then, since every element of G acts by
real automorphisms on Gr", the corresponding factor g¥ appearing
in (2.21) actually belongs to Gg. Furthermore, since M is type (II),
g—1 = €% can be factored as

(2.22) g-1=1+a-1)1+a-)

where a_; € E_;(adY). In particular, if g € H then a—; € gi(Vg) since
g=g_19" acts by real automorphisms on W}, /W},_y. Consequently,

(2.23) g=9-19" ={(1+a-1)g" } {(¢") (1 +a_s)g"}

where the first term in curly braces on the right hand side of (2.23) be-
longs to Gg, while the second term belongs exp(Lie_2(W)). Therefore,
by Theorem (2.9) and equation (2.18),

Lo : Tp(M) — Ty p(M)
is an isometry for all F' € M. q.e.d.

Remark. The proof of Theorem (2.19) implies the following addi-

tional fact: If M is type (I) or (II) then h e H, F e M —> If,’fF’W) =
h.1?!

(FW)

3. Limits of Mixed Hodge Structure

Let V — A* be a variation of graded-polarized mixed Hodge struc-
ture. Then, in contrast to the pure case, the period map of V can have
irregular singularities at the origin. The source of this apparent disparity
lies in the geometry of the associated classifying spaces. Namely, un-
like the pure case [34], the classifying spaces of graded-polarized mixed
Hodge structure M discussed in §2 need not have negative holomorphic
sectional curvature along horizontal directions.

Nevertheless, by comparison with the £-adic case, Deligne conjectured
in [13] that the period map of a variation of mixed Hodge structure
arising from a family of complex algebraic varieties should not have such
irregular singularities. Furthermore, according to [13], there should
exist a category of “good” variations of mixed Hodge structures which
both contains all of the geometric variations and possesses the following
salient features of the pure case:

(a) The existence of the limiting mixed Hodge structure;

(b) In the geometric case, the limiting Hodge structure (a) should ad-
mit a de Rham theoretic construction in terms of the log complex
of the underlying morphism f: X — A;

(c) The existence of a functorial mixed Hodge structure on the coho-
mology H*(X,V) of a good variation V — X;
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(d) Nilpotent Orbit Theorem: The period map of a good variation of
mixed Hodge structure should be asymptotic to the corresponding
nilpotent orbit.

In [37], Steenbrink and Zucker formulated the following definition of
a good variation:

Definition 3.1. A variation of graded-polarized mixed Hodge struc-
ture V — A* with unipotent monodromy is admissible if

(i) The limiting Hodge structure Fi, of V exists;
(ii) The relative weight filtration "W = "W (N, W) exists.

The first evidence that this is indeed the correct definition is Deligne’s
proof in the appendix to [37] that conditions (i) and (ii) already im-
ply that (a) the pair (F,"W) is a mixed Hodge structure, relative to
which N is a (=1, —1)-morphism. Additional evidence is provided by
the following two results [15], [33], special cases of which are proven in
[37]:

— FEvery geometric variation is admissible, and admits a de Rham
theoretic construction (b) of its limiting mixed Hodge structure
(Foo, "W);

— The cohomology H*(X,V) of an admissible variation ¥V — X ad-
mits a functorial mixed Hodge structure (c).

In this section, we consider the singularities (d) of the period map
(3.2) v A - T\M

of an admissible variation ¥V — A* with unipotent monodromy. To this
end, let p: U — A* denote the universal cover of the punctured disk by
the upper half-plane, and (s, z) be a pair of coordinates relative to which
p assumes the form s = €22, Then, by virtue of the local liftablity of
¢, there exists a holomorphic, horizontal map F' : U — M which makes
the following diagram commute:

N V'

(3.3) ”l l

A 2 D\M.
Consequently, by the commutativity of (3.3), the function
(3.4) U(z) = e N F(z2)

descends to a well defined map 1(s) : A* — M. Moreover, we have the
following result:

Lemma 3.5. V is admissible if and only if both the relative weight
filtration "W and the limiting Hodge filtration
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exist.

Thus, by the theorem of Deligne [37] quoted above, given an admissi-
ble variation V — A*, each choice of coordinates (s, z) as above defines
an associated limiting mixed Hodge structure (Foo,”W). Furthermore,
just as in §2, the pair (F,"W) induces a functorial decomposition

(3.6) ac =D o(i. )

such that
to = €D 95w

r<0
is a vector space complement to the isotopy algebra gg‘x’ in gc. As such,
near s = 0,
Y(s) = e Fy
relative to a unique to.-valued holomorphic function I'(s) such that
I'(0) = 0. Accordingly, by the definition of ¥ (s),

(3.7) F(z) = eNel®) Fy

for Im(z) >> 0. Moreover, just as in the pure case the period map F(z)
is asymptotic to the associated nilpotent orbit 6(z) = e*V.F,, obtained
by setting I'(s) = 0 in equation (3.7):

Definition 3.8. An vadmissible, 1-variable nilpotent orbit is a holo-
morphic map 6 : C — M of the form

0(z) =N F
where F € M and N is a nilpotent element of gg such that
— N(FP) C FP1L;
— 0(z) € M for Im(z) > 0;
— (Admissibility): The relative weight filtration "W (N, W) exists.

Theorem 3.9 (Nilpotent Orbit Theorem [31]). Let V — A* be
an admissible variation of graded-polarized mized Hodge structure with
unipotent monodromy. Then,

(1) 0(z) = e*N.Fy is an admissible nilpotent orbit;

(2) There exist non-negative constants «, 3 and K such that Im(z) >

a = 0(z) e M and

dym(F(2),0(z)) < KIm(z)Pe™2mm(),

The proof of Theorem (3.9) depends upon the following results [34],
[7], [14] about split orbits which play a fundamental role in §4-9:

Definition 3.10. A split orbit is an admissible nilpotent orbit
(e*N.F',W) for which the associated limiting mixed Hodge structure
(F,"W) is split over R.
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In the pure case, the notion of split and SLs-orbit coincide. Therefore,
by [34], [7] we have the following classification of such orbits:

Definition 3.11. Let H be a pure Hodge structure of weight k, and
e = (1,0) and f = (0, 1) denote the standard basis of C2. Define S(1) to
be the standard representation of slo(C) on C? equipped with the pure
Hodge structure of weight one obtained by declaring

(3.12) vy =e+if, v_.=e—if

to be of type (1,0) and (0,1) respectively. Then, a representation of
sl2(C) on H is Hodge if it induces a morphism of Hodge structures from
sla(C) c S(1)® S(1)* to End (H) = H® H*.

Theorem 3.13 ([6], [7]). Let D be a classifying space of pure Hodge
structure, F, € D and v : SLa(R) — Ggr be a representation of SLa(R).
Then,

0(g-vV=1) = ¥(g).Fo
is an SLa-orbit if and only if p = V. is Hodge with respect to Fy,.

Theorem 3.14 ([34]). Let H be a Hodge representation and S(k) =
Sym*(S(1)). Then, H can be decomposed into a direct sum of irreducible
Hodge submodules. Furthermore, every irreducible Hodge representation
is isomorphic to one of the following types*

(a) H(d) ® S(m), m > 0;

(b) E(p,q)® S(n), p—q>0,n2>0;
where H(d) = C and E(p,q) = C? denote the following Hodge struc-
tures, equipped with the trivial action of sla(C):

— H(d) is weight —2d and type (—d,—d);

— E(p,q) is weight p+q, vy of type (p,q) and v_ of type (q,p).

Remark. Let H be a Hodge representation, and () be a polarization
of H which is compatible with the given action of slo(C). Then, the
decomposition of Theorem (3.14) can be chosen to be orthogonal with
respect to (). Furthermore, each irreducible summand is isomorphic to
one of the standard tensor products (a) (b) equipped with the following
polarizations:

— H(d):Q(1,1) =1;
— S(1): Q(e, f) =1, S(k) = Sym*(S(1));
— E(p,q) : Qe, f) = i97PHL,

In the mixed case, a split orbit 0(z) = e*NV.F induces SLy-orbits
on Gr'". Accordingly, each choice of grading Y of W defines a cor-
responding lift of the associated representations of sly on Gr' to a
representation

py : sla(C) — gc.

!By convention S(0) = H(0).
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In [14], Deligne showed how to use the limiting mixed Hodge structure of
0(z) to make a distinguished choice of grading Y such that the associated
representation py has a number of very special properties. To state
Deligne’s result, let

(3.15) no:((l) 8>, h=<(1) _01>, “j:<8 (1)>

denote the standard generators of sly(C) and "Y denote the grading
(2.14) of the relative weight filtration "W defined by the I7?’s of the
limiting mixed Hodge structure of 6.

Theorem 3.16 ([14]). Let 0(z) = e*N.F be a split orbit. Then, there
exists a unique, functorial R-grading Y of W such that

(1) [, Y] =0;

(2) [N = py(no),py(nd)] =0.
Furthermore, if

(317) N:N0+N71+N72_|_...

denotes the decomposition of N with respect to the eigenvalues of adY
and

(3.18) No=p(n,), H=ph), Ni=pn)

o
denotes the sly-triple defined by the representation p = py, then:
(a) For k > 0, N_j is either zero or a highest weight vector for p of
weight k — 2;
(b H="Y -Y;
(c) e*No.F is an SLg-orbit (Data: F, = N0 I, ¢, = p);
(d) Y preserves F, Y(eino,F,W) =Y, and Y(ezN.F,W) — Ny,
In particular, as consequence of (a), N_1 =0 and [Ng, N_3] = 0.
Proof. See [25], [31], [35]. q.e.d.

Remark. More generally, in [14] Deligne proved the following result:
Let Y be a grading of the relative weight filtration such that ['Y, N] =
—2N. Assume "Y preserves W. Then, there exists a system of graded
representations Gr(p) and a unique functorial C-grading
(3.19) Y =Y(N,"Y)

of W which satisfies conditions (1)—(2) and (a)—(b) of Theorem (3.16).
Accordingly, if (e*N.F, W) is an admissible nilpotent orbit then appli-
cation of (3.19) to N and Y = Y(pryy) defines a corresponding grading

(3.20) Y =Y(F,W,N)
of W which preserves F.
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4. SL5-Orbit Theorem

Let X be a complex algebraic variety. Then, by [12, III, §8.2] the
hodge numbers hP*¢ of the mixed Hodge structure attached to H™ (X, C)
satisfy the following numerical conditions:

(i) A% =0 unless 0 < p,q < m;
(ii) If X is proper, then h?? = 0 unless p + ¢ < n;
(iii) If X is smooth, then AP? = 0 unless p + g > n;
(iv) If N = dim(X) and n > N, then h?? = Q unless n— N < p,q < N.
Accordingly, by conditions (i) and (iv), given any complex algebraic
variety X, the mixed Hodge structures attached to H'(X;Z(1)) and
H2?N=Y(X;Z(N)) are of the form

(41) -H(C _ I0,0 D IO,—l D I—I,O @ I—l,—l

with Gr"] polarizable, and hence determine [12, III, §10.1] a corre-
sponding pair of 1-motives, called the Picard and Albanese 1-motives of
X. Likewise, given a family f : X — S of complex algebraic varieties,
the local systems Pic = R}*(Z(l)) and Alb = R?Z_I(Z(n)) support
admissible variations of 1-motives of type (II) over a Zariski open sub-
set of S. Moreover, by conditions (ii) and (iii), Pic and Alb reduce to
variations of type (I) whenever the generic fiber of f is either proper or
smooth.

Returning now to the context of abstract variations, our main result
can be stated as follows: [proof occupies §6 —9.]

Theorem 4.2 (SLy-Orbit Theorem). Let e*N.F be an admissible
nilpotent orbit of type (1) or (I11), with relative weight filtration "W =
"W(N,W) and 6-splitting [cf. Theorem (2.16)]

(F,"W) = (e.F,"W).
Define b = Lie(H) [c¢f. Theorem (2.19)]. Then, there exists an element

—1,-1
¢ € hnker(N)NA L

and a distinguished real analytic function g : (a,00) — H such that

(a) e¥N.F = g(y)eN.F;
(b) g(y) and g~'(y) have convergent series expansions about oo of the
form

9@y) =1+ gy +gy 2 +-)
g W) = A+ fry P+ oy P )e S

with g, fr € ker(adNg)* ™! Nker(adN_);
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(¢c) 8, ¢ and the coefficients g are related by the formula

e = ¢t (1 + Z %(—i)k(ad No)* 9’*?)

k>0

where (No, H, Ny ) denotes the sl triple attached to e*N.F by Theorem
(3.16), and N = Ny + N_g is the corresponding decomposition of N.
Moreover, ¢ can be expressed as a universal Lie polynomial over Q(v/—1)
in the Hodge components 0™° of § with respect to (F,’”W). Likewise,

the coefficients gi. and fi can be expressed as universal, non-commuting
polynomials over Q(v/—1) in 6™ and ad Ny .

By way of applications of this result, we now state three general con-
sequences of Theorem (4.2). To this end, we note that, in conjunction
with the nilpotent orbit theorem discussed in §3, one expects to be able
to reduce many questions regarding the asymptotic behavior of an ad-
missible variation ¥V — A* to the case of split orbits via Theorem (4.2).
More precisely, one has:

Corollary 4.3. Let V — A* be an admissible variation of type (I) or
(I1), with period map F(z) : U — M and nilpotent orbit e*N.F. Then,
adopting the notation of Theorem (4.2), there exists a distinguished,
real-analytic function v(z) with values in b such that, for Im (z) suffi-
ciently large,

(i) F(z) = e"Ng(y)eWN-2y~ 11123 F,;

(ii) |y(2)] = O(Im (z)Pe=2™(2)) 45y — oo and z restricted to a finite
subinterval of R, for some constant 3 € R

where F, = etNo [
Proof. By equation (3.7), we can write
F(z) =eNel® Fy, s = e2™2

relative to a distinguished gc—valued holomorphic function I'(s) which
vanishes at s = 0. Therefore,

F(z) = e Nel' () | = ooN N I's) p
_ €xN6in€F(s)€_in€in.F _ ezNef‘l (2) ein.F
where T';(2) = e¥Nel'(®)e=WN By Theorem (4.2),
VN F = g(y)e"N . F = g(y)eN 2y 12 F,

since y~ /2 F, = ¢WNo . Consequently, if h(y) = g(y)e¥N-2¢H/2
then

(4.4) F(z) = NGV p = ooNl1Gp(y) F,
= e"Mh(y)h " (y)e" O h(y).F, = e"Nh(y)e™ ) F,
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where I'y(z) = b~ (y)e 1 *)(y). Also,
(4.5) IT2(2)| = O(Im (2)e=2mm(2))

since I'(s) is a holomorphic function such that I'(0) = 0, " and e?¥N-2
are polynomial in y, g(y) = O(1) and y/? acts as multiplication by an
integral power of y'/2 on the eigenspaces of H.

To complete the proof, we now recall that by equation (2.11), we may
write

(4.6) eF2) = g ()M £ (2)
where each factor is real-analytic, and
gr(2) € Gg, M@eAgﬁy f(z) € GE.

Accordingly, for Im (z) sufficiently large, there exists a unique h-valued
function ~y(z) such that

V2 = gr(2)eM).

By equation (4.4), v(z) satisfies (i) since f(z) takes values in Gé". Like-
wise, v(z) satisfies condition (ii) by virtue of equation (4.5) and the fact
that the decomposition (4.6) is real-analytic. q.e.d.

Remark. For variations of type (I), N = Ny. For variations of type
(IT), N = Ny + N_2 and ker(N) = ker(Ny) N ker(N_z).

Our first application of Theorem (4.2) is the following analog of the
1-variable norm estimates [34, Theorem (6.6)]:

Theorem 4.7. Let V — A* be an admissible variation of type (I) or
(IT) with weight filtration W and relative weight filtration "W. Then,
adopting the notation of Theorem (4.2),

(a) The norm ||o(s)| of a flat, global section of V remains bounded as

s — 0;
(b) Ower any angular sector A of A*, a flat section o of "Wy, satisfies
the estimate X
lo(s)|l = O((—log|s])2)
provided Wy = 0 for £ < 0.
More generally, if F(z) : U — M denotes the period map of V then, for
x = Re(z) restricted to a finite subinterval of R,

(4.8) v € Ep(H) Nker(N_3) = [[vp) =O(y

as y — 0o.

k
2

)

Proof. The estimate (4.8) implies items (a) and (b). Indeed, by the
previous remark, after pulling back V to the upper half-plane, a flat
global section of V is represented by a constant vector

v € ker(N) = ker(Ng) Nker(N_3).
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Therefore, upon decomposing v into its isotypical components with
respect to the representation of sly defined by (No, H, N(;r), it then
follows that [since N_o commutes with (No, H, Nj )] each such com-
ponent is also contained in ker(Ny) N ker(N_z), and hence belongs to
Ey(H)Nker(N_z) for some index k& < 0. Consequently, by (4.8), [|[v||p(z)
is bounded.

Likewise, over any angular sector, a flat section of "W, is represented
by a constant vector v € "Wj. Therefore, recalling (3.16b) that

H="Y-Y

where "Y is a grading of "W and Y is a grading of W which commutes
with 7Y, it then follows that

Wy =0 for £ <0 = "Wi C D E;(H).
J<k
Invoking (4.8), one then obtains (b).

To establish (4.8), suppose that V is a split orbit, i.e., F/(z) = eV F.
Then, given a vector v € Ey(H) Nker(N_2),

—xzN
[Vllen p = [0l goncinn g = lle™ 0llpan p = llo+ 0" (@)l iy 5

where
J(z)e € Ej(H)
J<k—2
since Ny : Eo(H) — E,_o(H), N_3(v) = 0, and ® = e®Noeg?N-2 a4
[No, N_2] = 0. Accordingly, it suffices to show that

k
v e Ep(H)Nker(N_2) = HUHez‘yN,F =y?2 HUHeiNﬁ-

However, since e*V.I' is a split orbit,
N [ — eZyN*Qy_HmelNO.F.

Therefore, as H € gr via (3.14), N_3 € A(_FII;/I) for all € M by (2.18),
and v € ker(N_s),

—iyN_29

Vollyis = [0l on 2y s12gine = e 201l —sr/2 im0

H/2

k
= l[olly-rr2eivg g = Y™ "0l oing 5 = y2 V]l ino -

More generally, given an admissible variation V — A* of type (I)
or (IT), one can replicate the above argument mutatis mutandis using
Corollary (4.3). The only trick is to note that since f; € ker(ad No)¥*1,
the term Ad (y#/2) (fry~*) is at worst O (1) in y, and [N_2, g7 (y)]
= 0 since all the terms of the series expansion of g~!(y) belong to
ker(ad N_2). q.e.d.
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Theorem (4.7) shows that admissible variations of type (I) satisfy
norm estimates which are identical to the pure case. The next result
makes a similar assertion regarding the holomorphic sectional curvature:

Theorem 4.9. LetV — A* be an admissible variation of type (1) with
non-trivial monodromy logarithm N, and period map F(z) : U — M.
Then, the holomorphic sectional curvature of M along F(z) is negative,
and bounded away from zero for Im (2) sufficiently large.

Proof. By Corollary (2.13), the holomorphic sectional curvature of
M along u € Tp(M) is given by a formula of the form
L _
R(u) = F(SPZ“(MU)u,U)
h3(u,u)
relative to a Gg-invariant tensor field S. Consequently, upon writing
F(z)

F(z) = eNgly)y "2 P.F,
as per Corollary (4.3), one finds that [via the Gg-invariance of S]

_ i, (SE,(0(2),0(2))0(2), 0(2))

(4.10) R(F.(d/dz)) = T (002).002))

where

(4.11) 0(2) = Ad (e ) (B () + 570(v)

and 35! (y) and B~19(y) denote the Hodge components of the function
(4.12) Bly) = Ad(h ()N, hly) = gly)y™"?

with respect to the base point F, = eV F. In particular, as a conse-
quence of the proof of Theorem (4.2) for nilpotent orbits of type (I)
given in §8, B(y) admits a series expansion about infinity of the form

Bly) = Z 5ny717n/2
n>0
with leading order term By = N. Therefore, by equations (4.10)—(4.12),

. _ hFo (SFo (57&)‘57{)
(4.13) - %grioo R(F.(d/dz)) = h%o(g,g)
where
(4.14) E=N"1l= %(z’H + No + N§).

On the other hand, by Theorem (2.12),

hFo (SFo (‘Ea 5)57 f) = _hFo ([‘57 ﬂ? [57 g])

Thus,
lim  R(Fy(d/dz)) < 0.

Im (z)—o0
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Remark. Theorem (4.9) is false for variations of type (II). In par-
ticular, if V is Hodge-Tate then R(Fy(d/dz)) = 0 for all z.

To put the next result in context, we recall that in the pure case,
Schmid’s nilpotent orbit theorem asserts the existence of the limit-
ing Hodge filtration of a variation of pure polarized Hodge structure
Y — A*. In the mixed case, this existence of the limiting Hodge fil-
tration is assumed. Less clear in the mixed case, however, is how the
corresponding grading

of WW behaves as s — 0.

Theorem 4.15. Let V — A* be an admissible variation of type (I)
or (II) with period map F(z) : U — M. Then, the limiting grading

Yoo:I %H)H e N Y ) w)

exists, and coincides with the grading Y (Fuoo, W, N) defined by equation
(3.20).

Proof. By Corollary (4.3),
F(Z) — exNg(y)ein72y—H/2€7(z).FO
_ exNg(y)e'n(z)ein_gny/Q.Fo — 6xNg(y)€’yl(z)€in.F

where
71(2) = Ad (€2~ H/2) (2)
is a h-valued function of order Im (z)%e=2"1™ () and F, = ¢/¥o.F. Con-
sequently, if Y = Y(F, W, N) then
(4.16)
e N Yrew) = e N g@)eE Y Ly ) = e PN g(y)et PNy

since Y iyw pyyy = eNY by Theorem (3.16d). Setting

(4.17) 72(2) = Ad (7)1 (2)
it then follows from equations (4.16) and (4.17) that
(4.18) lim e_zN.Y(F(z)’W) = lim e WNg(y)e¥Nen()y

Im (z)—o0 Im (z)—o0

Therefore, by part (b) of Theorem (4.2),

efing(y)ein _ eCefiyadN (1 + Z gkyk>

k>0

1, —
ﬁ(—z)j(ad]\fo)j gry’ k

= et 1+sz:

k>0 j=0
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since N = No + N_a, [No, N_2] = 0, gi. € ker(ad No)*T! Nker(ad N_»)
and ¢ € ker(ad Nog)Nker(ad N_2). Consequently, by part (c¢) of Theorem
(12),

. . 1 .
(4.19) lim e ¥Ng(y)e¥N = €S (1 + Z E(—i)k(ang)kgk> = e,

y—00
k>0

On the other hand, by equation (4.17), v2(z) is also of order
Im (2)%e=2m1™(2) for some constant 3. Therefore,
(4.20) lim 720G =1

Im (z)—o00
Inserting equations (4.19) and (4.20) into equation (4.18), it then follows
that
V= lim e N Ypew) =Y =Y (Fu, W,N)
Im (z)—o00 ’

since Y (Fao, W, N) = €Y (Fy, W, N) = €Y by the functoriality of
Y (cf. [31]). q.e.d.

Remark. By [25], Theorem (4.15) is also true for unipotent varia-
tions (e.g., the variations attached to fundamental group of a smooth
variety [21]) and variations for which the limiting mixed Hodge struc-
ture is split over R in some suitable coordinate system (e.g., the A—model
variation considered in mirror symmetry [30]).

5. Arakelov Geometry

Let M be a graded-polarized mixed Hodge structure. Then, moti-
vated by the construction of [19] described below, we define the height
of M to be

(5.1) h(M) = 26|

where ¢ denotes the splitting of M defined in §2, and || * || denotes the
mixed Hodge norm of M.

To relate the height functional (5.1) to the standard archimedean
height pairing defined by [1], [2], [16], let X be a non-singular complex
projective variety of dimension n, and Z and W be a pair of algebraic
cycles in X of dimensions d = dim(Z) and e = dim(W) such that

(i) Z and W are homologous to zero in X;
(i) d+e=n—1;
(iii) |Z] N |W|= 0.
Then, by §3 of [19], the mixed Hodge structure on Hogi1(X — |W/|, |Z];
Z(—d)) carries a canonical subquotient B = By with graded pieces

(5.2)  Gry =27(0), G = Hoq1(X;Z(—d)), Gr'Y,=17(1)
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such that
(5.3) hBzw) = [(Z, W)

where (Z, W) denotes the archimedean height of the pair (Z, W).

More precisely, via the cycles Z and W, one obtains canonical positive
generators 1 € Gr{’(B) = Z(0) and 1V € Gr',(B) = Z(1). Moreover,
as a consequence of Proposition (3.2.13) in [19],

(5.4) 5(1)

1 \2
5o (2. )1

from which one then obtains (5.3) via the definition of the mixed Hodge
metric.

Likewise, given a smooth, proper morphism 7 : X — S of relative
dimension n, and a pair of flat, algebraic cycles Z and W in X of relative
dimensions d and e such that, for generic s € S, X, is smooth and
the triple (X, Zs, W) satisfies conditions (i)—(iii) above, one obtains a
corresponding height function

(5.5) h(s) = (Zs, W)

over a Zariski dense open subset S’ of S.

Let D be a normal crossing divisor contained in the boundary of a
smooth partial compactification S’ of S’. In [19], Hain analyzed the
asymptotic behavior of (5.5) near D under the assumption that the
associated variation of mixed Hodge structure

(5.6) VS,  V,=Buw

induced constant variation of pure Hodge structure on Gr'V. In [27],
Lear computed the asymptotic behavior of (5.5) under the assumption
that S is a curve using the theory of normal functions.

In this section, we consider the asymptotic behavior of (5.5) near a
normal crossing divisor D about which V degenerates with unipotent
monodromy by applying Theorem (4.2) to the l-parameter degenera-
tions f*(V) obtained by pulling back V along a holomorphic map f
from the unit disk A into 5.

To this end, let us assume for the moment that dim(S) =1 and p is a
point about which V degenerates with unipotent monodromy. By (5.4),
the corresponding height function (5.5) is then given by the formula

(5.7) 5(1) = %h(s)w

where § denotes the section of V ® V* defined by the pointwise appli-
cation of the splitting (2.16) to the fibers of V, and 1 and 1V denote
the generators of GriV (V) = Z(0) ® Og and Gr'',(V) = Z(1) ® Oy
respectively.

As usual, for the purpose of calculating the asymptotic behavior of
(5.5) near p, we replace V by the corresponding period map F : U — M
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obtained restricting V to a deleted neighborhood A* of p. Using the
nilpotent orbit theorem discussed in §3, we can then replace F(z) by
the corresponding nilpotent orbit

(5.8) 0(z) = eV . Fy

since we are only interested in calculating the leading order terms of
(5.5). Invoking Theorem (4.2), we can then calculate the asymptotic
behavior of h(s) modulo terms that remain bounded as s — 0 (recall
s = €%™*) by replacing 6(z) by the corresponding split orbit é(z) =
e*N Fog.

Indeed, by Corollary (4.3), for any admissible period map F'(z) of type
(IT) with unipotent monodromy, the corresponding gradings Yrz),w)
and Y(é(z),W) are related by an equation of the form

(5.9) Yirew) = Yem +e2)

where €(z) is a real analytic function which remains bounded as y =
Im(z) — oo and z = Re(z) restricted to any finite subinterval of R.
Moreover, by (3.16d),

(5.10) Yiw) = €Y =Y +22N_y
where Y is a real grading of W, and hence

(5.11) 5((9(2),W) =yN_o

since

(5.12) Yiew) = Y (mw) = 4idmw)

for any mixed Hodge structure of type (II). Therefore, by equation
(5.9)—(5.12),

1
Inserting equation (5.13) into (5.7), it then follows that, near s = 0,
(5.14) h(s) = —plog|s| + n(s)

where N_o(1) = 1V and 7(s) is a real analytic function which remains
bounded as s — 0.

Remark. More generally, it follows from (5.9)-(5.13) that if hy(s)
denotes the height function (5.1) attached to an admissible variation
V — A* of type (II) with unipotent monodromy, then

hy(s) = —plog|s| +n(s)

where 1 = || N_2||r, denotes the norm of N_y with respect to the base
point F, € M defined in Corollary (4.3), and 7(s) is once again a real-
valued analytic function which remains bounded as s — 0.



SL2-ORBITS AND DEGENERATIONS OF MIXED HODGE STRUCTURE 27

Now, according to the above recipe, in order to calculate the asymp-
totic behavior of the height paring (Zs, W), it would seem that one must
compute N, W, and F,, along with the corresponding splittings and
gradings. This is not necessary. Indeed, these auxiliary object appear
in equation (5.14) only via the decomposition

(515) N = NO -+ N_2

which can computed directly from the pair (N, W) as follows: Let Y
be the grading appearing in (5.10), relative to which N decomposes as
(5.15) according to the eigenvalues of ad Y, and Y’ be any other grading
of W. Then, since Lie_1(W) acts transitively on the set of all gradings
of W,

(5.16) Y=Y +a_1+as

where «; belongs to the j eigenspace Ej(adY’) of adY. Furthermore,
because Ny acts trivially on Ey(Y) and E_o(Y),

(5.17) [No, ar—s] = 0.
Therefore,
(518) [Y/, N] = [Y +a_1 +a_9, NO =+ N,Q] = —2N,2 + [0171, No]

by virtue of equation (5.17) and the short length of W, which forces
both [a_1, N_s] and [a—_2, N_3] = 0. Accordingly, if Y’ is any grading
of W such that [Y’/, N] lowers W by 2 (i.e., [a—1, Ng] = 0) then N_g =
—%[Y’ , N]. Thus, in summary, we obtain the following result:

Theorem 5.19. Let h(s) denote the height function (5.5) attached to
flat family of algebraic cycles Zs, Wy C X4 over a smooth curve S. Let
p be a point at which the corresponding variation V defined by equation
(5.6) degenerates with unipotent monodromy. Let N denote the local
monodromy of V about p, and Y’ be any grading of the weight filtration
W of V such that [Y',N] lowers W by 2. Define N_y = —3[Y", N].
Then, near s = 0,

h(s) = —plog|s| +n(s)
where N_o(1) = u 1V and n(s) is a real analytic function which remains
bounded as s — 0.

Proof. It remains only to justify (5.9), from which Theorem (5.19)
then follows from equations (5.10)—(5.17) and accompanying arguments.
To verify (5.9), recall that by Corollary (4.3), near the given puncture,
the period map F'(z) of the variation (5.6) assumes the form

(5.20) F(z) = e*Ng(y)e¥N-2y~H/2¢7() F

where H € gr commutes with the grading Y = Y(p, ) appearing in
equation (5.10), and 7(z) is a real analytic, h-valued function which is
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of order y%e=2™ as y — oo and z is restricted to a finite subinterval of
R. Therefore,

(5.21)  Y(peyw) = N g(y)eVN -2y 12D Y g

= "N g(y)evN=2(y =12 Cy 2y =H2 y

— =N (y)ein*2eV1(z).Y(F W)

<

where 71 (2) = Ad (y~/2)~(2) is a real analytic function of order y%e =27
for some constant 3’ € R. Accordingly,

(5.22) O Y gy = EY =Y 4 y0(2)
where 72(2) is again of order y” e, Inserting (5.22) into (5.21), it
then follows that
(5.23)
Yirew) = e g(y)e 2 (Y +7(2)
= "™ g(y).(Y + 2iyN_s + 73(2))
(€N g(y)e *M)e™.(Y + 2iyN_ + 3())
= (e g(y)e ™M).(Y +22N_z + 74(2))
= (N g(y)e™).(Y +74(2)) + (€N g(y)e ™).(22N_2)

where, for some constant 5” € R, 73(z) and 74(z) are real analytic
functions of order y? e 2™ as y — oo with z restricted to a finite
subinterval of R. Moreover, by Theorem (4.2), the function g(y) admits
a convergent series expansion near y = oo of the form

(5.24) 9@)=eQ+gy " +gv 7 +-)
where (, g1, g2, - € ker(ad N_3), and hence

(5.25) 9(y)-N_2 = Ad (g9(y))N-2 = N_o.
Therefore,

(5.26) (™M g(y)e ™™N).(22N_3) = 22N _,

since N = Ny + N_3 and [Ny, N_g] = 0. Likewise, because of the series
expansion (5.24) and the fact that ¢ € ker(Ny) Nker(N_2) by Theorem
(4.2),

(5.27) lim e™Vg(y)e N =€t

Yy—o

independent of z. Consequently,

(5.28) (€ g(y)e™™).(Y +7u(2)) = Y +e(2)

where €(z) is a real analytic function which remains bounded as y — oo
and is x restricted to a finite subinterval of R. Inserting (5.26) and
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(5.28) into (5.23), it then follows that
Yip@w) =Y +2:Nop +e(2) = Vg wy +€(2)
as required. q.e.d.
Lemma 5.29. Under the hypothesis of Theorem (5.19), pu € Q.
Proof. 1t is sufficient to show that
(5.30) Vo = Qfo ® Ug © Qfs

where

(a) fo projects to 1 € GrV;

(b) Ug is an N-invariant subspace of W_;(Vp);

(c) f—2 projects to 1V € Gr'%,.
Indeed, suppose that such a decomposition exists, and let Y’ be any
grading of W such that [Y’, N] lowers W by 2. Then, shows that

(5.31) Neo) = pf-2

where e is the element of Eq(Y”’) which projects to 1 € Gr§’. On the
other hand, since ey and fy have the same image in Grgv , We can write

(5.32) eo = fo+uc+bf_o

where uc € Up®C and b € C. Inserting equation (5.32) into (5.31) and
recalling that f_o generates W_o C ker(N), it then follows that

N(fo) = —N(uc) + i f-2.

Since both N and fy are rational, it then follows from (5.30) and the
N-invariance of Ug that both —N(uc) and p f_o belong to Vgp. In
particular, p € Q since f_o € V.

To prove the existence of a decomposition (5.30) of Vg with properties
(a)—(c), observe that it is sufficient to show that

(5.33) fo2 & N(W_1(Vp)).

Indeed, since N is nilpotent, its restriction to any N-invariant subspace
of V can be put in Jordan normal form. In particular, there exists a
Jordan basis of cycles v, U- - -U~, for the action of N on W_;(Vp). Since
N(f-2) =0, equation (5.33) implies that v; = {c f_2} for index some j
and some rational coefficient c¢. The remaining cycles ~y;.; generate the
desired subspace Ug of W_;(Vp).

To complete the proof, we now verify (5.33) using the admissibility of
V. More precisely, by the previous remarks, we know that there exists a
real grading Y of W such that N = Ny + N_, relative to the eigenvalues
of adY. Since W is of type (II), it then follows that

Wfl(Vc) = E,1(Y) D W72(Vc)
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is an N-invariant splitting of W_;(V¢). Therefore, since f_o € ker(N)
generates W_o(V¢) and E_1(Y) is N-invariant, f_o ¢ N(W_1(V¢)).
q.e.d.

Returning now to the general setting (5.5), let D be a normal crossing
divisor about which V degenerates with unipotent monodromy. Let

(s1,...,5m) be local coordinates on S’ relative to which D assumes the
form s1--- sy, =0 and f: A — 5" be a holomorphic map of the form
(5.34) f@) = (@ f1(t), ...t f(t))

where aq, ..., a,, are nonnegative integers which are not all 0 and fi, ...,

fm are nonvanishing holomorphic functions on A. Let IN; denote the
monodromy logarithm of V about s; = 0 and N denote the monodromy
of f*(V) about ¢t = 0. Then,

(5.35) N=>"a;N,
7j=1

and hence
F(M)(t) = —pay,....a log [t] +n(t)

where 7(t) is a real analytic function which remains bounded as ¢t — 0
and

1
(5.36) Pay.am 17 = -5

for any grading Y’ of W such that [Y’, N] lowers W by 2.

', NI(1)

Theorem 5.37. Let it = piq, . qa,,- Then, p belongs to Q(ay, ..., am)
and is homogeneous of degree 1 in ay,...,Qn.

Proof. That p is homogeneous of degree 1 in aq, ..., a, follows im-
mediately from equations (5.35) and (5.36). To see that pu is rational
in ai,...am, recall that the asymptotic behavior of the height depends
only on the asymptotic behavior of the §-splitting of the approximating
split orbit F(z) = ¢*N.F. Therefore, since F(z) depends polynomially
on z and NN, and the §-splitting is determined by taking sums and inter-
sections of F(z), F(z) and W, it then follows that u depends rationally
onai,...,an,. Finally, since by Lemma (5.29) p assumes rational values
at every m-tuple of positive integers, u is defined over Q. q.e.d.

In light of Theorem (5.37) the simplest possible asymptotic behavior
that h can exhibit as s approaches D along various curves of the form
(5.34) is for u to be a linear function of aq, ..., a,. In this case, we shall
say that h(s) has no jumps along D.

By Theorem (5.19), a sufficient condition for h(s) to have no jumps
along D is the existence of a grading Y of W such that [Y, N;] lowers
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W by 2 for all j. Indeed, in this case

1
Hay,....ar 1\/ = _5 Yaz a]N] (1)
J

The next result gives a sufficient condition for the existence of such a
grading Y which depends only on the monodromy of the local system

Grl (Vo) =[R2 (Z(a))*

defined by the morphism 7 : X — S, and not the particular choice of
flat cycles Z and W C X.

Theorem 5.38. Let T denote the monodromy of R24(Z) around
a holomorphic disk f(A*) of type (5.34) with all coefficients a; > 0.
Suppose that T has no Jordan blocks of rank 2. Then, there exists a
grading Y of W such that [Y, N;] lowers W by 2 for all j, and hence the
corresponding height function h(s) has no jumps along D.

Proof. The stated condition on T is equivalent to the following condi-
tion on the monodromy cone C = {a1N1+--+am Ny | a1, ... am > 0}:
Let N € C and N denote the induced action of N on Gr". Then,

ker(N) N Im (N?) = ker(N) N Im (N).

Next, recall that since V is of geometric origin, the data (F, W, N1,
..y Np) define an infinitesimal mixed Hodge module in the sense of
Kashiwara [26], and hence every element N of C defines the same rela-
tive weight filtration
"W ="W(N,W).
Furthermore, (Fuo,"W) is a mixed Hodge structure with respect to
which each Nj is a (—1,—1)-morphism. Let Y be the grading of W
defined by application of (3.19) to N and "Y" = Y{p_ rw). Then, rela-
tive to adY, N = Ny + N_,. Likewise, due to the short length of W,
each N; decomposes as

Nj = (Nj)o + (Nj)-1 + (Nj) -2

relative to ad Y. Accordingly, the condition [Y, N;|(Wy) C W_5 is equiv-
alent to the assertion that (N;)_1 = 0 for each j.

To complete the proof let Y = Y (F, W, N) denote the grading (3.20)
of W attached to the nilpotent orbit e*V.F,, and p be the corresponding
representation of sly(C) defined by the slo-pair Ny and H ="Y — Y.
Let V (k) denote the isotypical component of p generated by the linear
span of all irreducible submodules of highest weight k. Then, by the
above remarks, it is sufficient to show that

(a) ker(N) NIm (N?) = ker(N) NIm (N) = V(1) =0;

(b) V(1) =0 = (N;)-1=0.
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To verify (a), observe that since the action p preserves the eigenspaces
of Y we have
V(k) =P V(k)nE;(Y).
J

Furthermore, since N acts trivially on Gr{¥ = Ey(Y) and Gr'Y, =
E_5(Y), the equality

(5.39) ker(Ng) N Im (NZ) = ker(Ng) N Im (Np)

holds on Eo(Y) and E_5(Y). On E_;(Y) condition (5.39) is equivalent
to the stated condition on N. Therefore, it is sufficient to prove that
condition (5.39) implies that V(1) = 0, or equivalently, if V(1) # 0 then
(5.39) fails. Accordingly, suppose that U is an irreducible representation
of highest weight 1. Then NZ(U) = 0 whereas No(U) is non-zero and
contained in ker(Ny), which violates (5.39).

To establish (b), observe that (Nj)—1 € ker(No) N E_q(ad H) since
[N,N;] =0, H="Y =Y and ["Y,N;] = —2N;. Therefore, if ¢ is a
generator of Eyg(Y) C V(0) then
(5.40) u = (Nj),l(eo) S ker(No)
because p acts trivially on Ey(Y'), and hence

No(u) = No(Nj)-1(e0) = [No, (Nj)-1leo = 0.
Likewise,
(5.41) ue E_1(H)
since
H(u) = H(Nj)-1(e0) = [H, (Nj)-1]eo = =(Nj)-1(eo) = —u.
Combining (5.40) and (5.41), it then follows that u € V(1).

Similarly, since p acts trivially on E_o(Y) C V(0), if v € Ep(H) N

E_i(Y) and (NN;)-1(v) is non-zero then ¢ = 1 since
—(Nj)-1(v) = [H, (Nj)-1]v = =(Nj) -1 H (v) = —£(Nj)-1(v).
Furthermore, (N;)—1(v) # 0 implies that v & Im(Np) since

v=No(v') = (Nj)-1(v) = (Nj)-1No(v') = [No, (N)-1]v' = 0
and hence v € V(1). Thus, V(1) =0 = (N;)—1 =0. q.e.d.

Corollary 5.42. If the local monodromy of GrY;(Vz) about D is

trivial then the corresponding height function (5.5) has no jumps along
D.

A special case of (5.42), originally considered by Richard Hain [19],
is when X remains smooth and only the cycles Z; and Wy degenerate.
More recently [20], Hain and Reed have used the height of the Ceresa
cycle C' — C_ to study the Arakelov geometry of the moduli space M,
of smooth complex projective curves of genus g > 2. Briefly, given a
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curve C' € M, and a pair of positive integers a and b such a+b=g—1,
define
B(C) = (€@ — 1, c® - )

to be the height pairing attached to the Ceresa cycles in Jac(C') deter-
mined by the a’th and bth symmetric power of C. The height function
h(C) can be used to construct a metric on the (8¢ + 4)’th power of
the determinant line bundle £ over M,. Comparison of this metric to
the standard Hodge metric on £2(89+4) then defines [modulo an addi-
tive constant] a function 3, : My, — R which is an analog of Faltings
delta function d,. To prove that dB, and dd, are linearly independent,
Hain and Reed compute the asymptotic behavior of 3, and d, along the
boundary divisor A of M, in M,. Recall that A is a union of compo-
nents Ay such that, for h > 0, the generic point of Ay corresponds to a
reducible curve Cy with 1-node with components of genera h and g — h.
In particular, for g > 1 it is well known that the geometric monodromy
of a family of curves C; degenerating to Cy at ¢ = 0 acts trivially on
HY(C}). Applying Corollary (5.42) it then follows that the metric con-
sidered by Hain and Reed extends continuously to Mvg = ﬂg — Ao,
where Ag is the divisor for which the generic point represents an irre-
ducible curve with a normalization of genus g — 1. Theorem (5.19) also
implies that this metric extends continuously to any holomorphic arc
meeting Ag transversely (cf. Theorem 3 in [20]).

Remark. More generally, Theorem (5.19) implies the unpublished
result from Lear’s thesis [27] stated above, which appears as a crucial
lemma in §8 of [20]. In [3], the author and P. Brosnan use Theorem
(5.19) to compute the asymptotics of the height of the Ceresa cycle
along the divisor Ag C M.

A further source of families of varieties for which the height does
not jump are furnished by smooth complete intersections in P™ of even
dimension: By the Lefschetz theorems, all of the odd cohomology groups
of such a variety are zero. A general formula for the ranks of the Jordan
blocks of the local monodromy of the middle cohomology of a semistable
degeneration may be found in [28].

For 1-cycles in a family of hypersurfaces of degree d in P* we have
the following results: For d = 1, 2 there are no jumps since H3 = 0.
For d = 3, 4 we have h3" = 0, h*! # 0, and hence Theorem (5.38)
is applicable only if the monodromy operator T is of finite order. For
d > 6 the height does not jump as a consequence of Mark Green’s
result [17] that for a generic smooth hypersurface in P4 of degree > 6
the image of the Abel-Jacobi map from the Chow group of 1-cycles
which are homologous to zero mod rational equivalence into the third
intermediate Jacobian is contained in the torsion subgroup. This leaves
the quintic threefolds, which are Calabi-Yau manifolds. Although much
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has been said about the degenerations of such manifolds in general,
specific examples of 2-parameter degenerations appear to be relatively
rare in the literature. Of the examples considered in [5] and [9] only
the family of quintics

(5.43) (7 + -~ +vy) — ayifys — byiyd = 0
has the correct monodromy to avoid jumps.

To close this section, we now present two related examples which
show that when the hypothesis of Theorem (5.38) is violated the height
may or may not jump:

Example 5.44. Let V7 be an integral lattice of rank 4, with basis
{eo, e, f,e_2}, and N1, Na denote the endomorphisms of V7 defined by
the matrices

Ny =

— -0 O
_ -0 O
OO OO

0 0
0 0
01’ 0
0 0

OO OO

Then, the nilpotent orbit ¢(s1, s2) = e%m(log(sl)Nlﬂog(”)NQ).Foo, defined
by the filtrations

Wo(Vz) = Vg

W_1(Vz) = Ze B Lf & Z ol =28 C
—1\Vgz) = Le D D Le_o

FO =Cey @ Ce
W_2(Vz) = Ze_ P 0
W_g(Vy) =0 o =

is admissible, and graded-polarizable. Direct calculation shows that the
associated height function (5.5) is given by the formula

(log |s1/s2])? — (log |s1s2])?

Ils1,s2) = log |s182|
Setting (s1, s2) = (t*,t2), it then follows that
4@1@2
ap +as

and hence h(s1, s2) jumps along D.

Example 5.45. In Example (5.44), redefine

000 0 0 0 0 0
000 0 0 0 0 0
M=fo1 00| ™M=|o 1 00
1100 1 -1 00
Then,
h(s1,s2) = —log|s1s2|

and hence p = aj + ag. Accordingly, h(s1, s2) has no jumps along D.
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The following property distinguishes Examples (5.44) and (5.45): By
Theorem (5.19) a sufficient condition for the height not to jump is the
existence of a common vector e, € V such that

(a) v, projects to 1 € Grl/;

(b) Nj € W_y for each j.

In this case,
(GlNl + -+ G/TNT)(UO) = Mal,...,amlv-

In the case of Example (5.45) the vector e, satisfies conditions (a)-
(b) and g = a; + ag. In contrast, there is no such vector v, for the
monodromy cone of Example (5.44).

Remark. Conditions (a) and (b) have the following cohomological
interpretation: Let x1,..., 2, be commuting variables and A be a left
Q[z1, ..., 2m]-module. Then, the Q-vector spaces

P _ : .
BP = @ Ty ... 2, (A)
1<j1 < <gp<m

form a complex with respect to the differential which maps the sum-
mands of BP to the summands of BP*! via the rule

d= (—1)5711@S Sy -i’js .- -xjp(A) I TREE :Ejp(A).
When A = H¥(X;) is the typical fiber of a variation of Hodge struc-
ture V with monodromy logarithms Ny, ..., N,, along a divisor D and

zj(a) = Nj(a) then H*(B®) coincides [8] with the local intersection co-
homology of V along D. In the setting of the previous paragraph with
A = Wy/W_5 and z; the induced action of Nj, the desired vector v,
is simply an element of H°(B®) which projects to a generator of Gr".
This suggests the asymptotic behavior of the height is controlled by the
local intersection cohomology of Wy/W_g along the boundary divisor.

6. Nahm’s Equation

Let K be a compact real Lie group. Then, Nahm’s equation for K is
the system of ordinary differential equations given by the gradient flow
of the 3-form

(6.1) o(Th, T, T) = (T, [12, T3))

on x = Lie (K) defined by a choice of bi-invariant metric (-,-) on K.
Equivalently, a triple of x-valued functions (77, 7T5,73) is a solution of
Nahm'’s equation if and only if
dT;
dy

for every cyclic permutation (i j k) of (12 3).

(6.2) + [T, Ti] = 0
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More generally, given a complex Lie algebra a, a triple of a-valued
functions (77,73, T3) is said to be a solution of Nahm’s equation pro-
vided they satisfy the system of differential equations (6.2). Solutions
to Nahm’s equation are related to representations of sla(C) as follows:
Let {71, 72,73} be a basis of slo(C) = sug ® C such that

(6.3) T = [T, Th]
for every cyclic permutation (i j k) of (12 3) and p : sl3(C) — a be a
Lie algebra homomorphism. Then, the triple

Ti(y) = p(ri)y ™"

is a solution of (6.2). Conversely, given a solution (77, T, T3) of Nahm’s
equation which has a simple pole at y = 0, the linear map p : sl3(C) — a
defined by setting

p(7i) = Res(T;)
is a Lie algebra homomorphism.
In [34], Schmid showed that a nilpotent orbit of pure, polarized Hodge
structure gives rise to a solution
(64) U (CL, OO) - HOIII(SZQ((C), gC)? (I)(y)Tl = T‘Z(y)
of Nahm’s equation. In this section, we show that a nilpotent orbit
(6.5) 0(z) = N Foy

of graded-polarized mixed Hodge structure gives rise to a solution of
a generalization of Nahm’s equation which encodes how the extension
data of (z) interacts with the nilpotent orbits of pure Hodge structure
induced by 6(z) on Gr'V.

To this end, let M be a classifying space of graded-polarized mixed
Hodge structure. Define D to be the direct sum of classifying spaces of
pure, polarized Hodge structure onto which M projects via the map

F— FGr'v.

Let Y_o(W) be the affine space consisting of all gradings Y of W such
that [cf. Theorem (2.17)]:

(6.6) Y —Y € Lie_o(W)

and ty denote the isomorphism Gr"' = V¢ associated to Y € Y_o(W).
Then:

Theorem 6.7. The space X = D x Y_o(W) is a complex manifold
upon which the Lie group H [c¢f. Theorem (2.19)] acts transitively by
automorphisms. Furthermore, the correspondence

(6.8) F=n({H"},Y) < F" = v (H)

a>p
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defines a H—equivariant projection map m : X — M with real analytic
section

(6.9) o(F) = (FGr' Yrw) -

Proof. The only subtle point is the assertion that o is a real-analytic
section. To prove this, observe that by part (c¢) of Theorem (2.4), the
grading Yy defined by the IP?’s of (F, W) takes values in J_o(W).
Consequently, equation (6.9) defines a section of X'. To prove that o is
real-analytic, recall [7] that

P = FP AWy | FINWpiq+ > FI N Wpig1-y
7>0
and hence the decomposition (2.5) is real-analytic with respect to the
point F' € M. q.e.d.

Next, following [34], we note that each choice of base point F,, defines
a principal bundle P over X with connection V:

Theorem 6.10. Let F, € Mg and z, = o(F,). Then, the vector
space [cf. Theorem (2.12)]

b =mreA " Ten)ny

is an Ad (H*°)—invariant complement to h¥ in by, and hence defines a
connection V on the principal bundle

H** — H — H/H"
over X = H/H".

Proof. Direct calculation shows that since F, € Mg, h% = gy Nh
and hence b’ is a vector space complement to §° in h. To see that b’ is
invariant under the action of Ad (H*°), let h € H**. Then, h preserves
F, since

h.F, = h.m(z,) = m(h.x,) = 7(x,) = Fo.
Likewise, h = h since h acts by real automorphisms on Gr'V and pre-
serves the real grading Y(g, w). Consequently, h is a morphism of

(F,, W) and hence preserves each summand appearing in the definition
of ' q.e.d.

Thus, by virtue of the above remarks, each choice of base point F, €
Mg defines a lift of (iy) to a function h(y) : (a,00) — H such that:

(a) h(y).zo = o (8(iy));
(b) h is tangent to V.

Theorem 6.11. Let L denote the endomorphism of by defined by the
rule:

L ‘774- = +2, L ’770 == 07 L ’77—69/\_1’_1 == —Z
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Then, the function h(y) defined above satisfies the differential equation
d
dy

Proof. Schmid’s original derivation [34, Lemma (9.8)] of Nahm’s
equation for nilpotent orbits of pure, polarized Hodge structure shows
that equation (6.12) holds modulo Lie_;(W). Consequently, it is suffi-

cient to verify that equation (6.12) holds modulo the subalgebra g?c/ =
Lie (GX), Y = Y(F,,w) since

gc = g?c/ @ Lie_(W).

To this end, note that by definition Yy~ z = Ad (h(y))Y. Upon dif-
ferentiating both sides of this equation with respect to y and simplifying
the result, it then follows that:

(6.12) h™'(y)——h(y) = =L Ad (b~} (y))N.

d d
~1 -1
613 A )4 Y = 100 Y |
Therefore, if z = x + iy:
_ d
(6.14) Ad (h l(y))d_yy(ein.Foo,W)

' _ o 0
=i Ad(h " (y)) <& - %) YN row)

2=ty
To compute % Y(esN ko wy and % Y(esN F.. w), we observe that as a
consequence of equation (5.19) in [30]:

3}

(615) Y ewl F W [”f(é)a) FW ]’
aw ( ’ ) 0 ( )
FW [ ( ( )) ]
— ) ew§ A 7(4,- T é , } F’M/
aw ( ) w=0 ( )

for any point F' € M and any element ¢ € Lie (G¢), where 7 and 7y
denote the projection operators? with respect to F’ defined in Theorem
(2.12). In particular, upon setting F' = e®™.F., it then follows from
equations (6.14) and (6.15) that:
(6.16)
_ d . _ —

Ad (h l(y))d—y Youn o, = 1 Ad (7 () [mi(N) = 7 (mi(N)), Yorun ).

On the other hand, if mg denotes projection onto 7y with respect to
F = eWN F then

N =7 (N) 4+ 7mo(N) + m(N).

Consequently, since N is defined over R:

N = N =75 (N) + mo(V) + m()

’In [30], we used the alternative notation tr = gr and 7 = mq.
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and hence 7 (N) = 7wy (m(N)). Accordingly, equation (6.16) may be
rewritten as

(6.17)  Ad(h (y))

b A (W () Youn £ ]

{m(N) = mi (N
(M)} Y]

)
HrdN) = 7 (N
since Y ivn g wy = Ad(h(y))Y.

By construction:

(6.18) h(W)-I0 wy = T0tun g

)
)

and hence Ad (h(y)) : gz}io,W) — gzéin.Foo,W)' Consequently,

i Ad (B () {m(N) — 7y (N)}

= iw(Ad (k™! (y))N) —i7(Ad (A7 (y)N))

= L Ad(h Y(y))N mod Lie (G¢)
where 7y and 7y denote projection with respect to F, € Mg. Therefore,
by equation (6.17),
a
dy
Accordingly, upon comparing equation (6.19) with equation (6.13), it
then follows that

(6.19) Ad (hH(y)) = Yieinw g wy = [=L Ad (R (1)) N, Y].

L Ad (b~ (y))N, Y] = h*@)%my),y

and hence —L Ad (h~(y))N = h_l(y)d%h(y) mod g¥ as required.
q.e.d.
Example 6.20. Let 6(z) = ¢*N.F be a split orbit. Then, the function
h(y) _ eine—inoy—H/2
[cf. Theorem (3.16) for notation] is a solution of equation (6.12) with
respect to the base point F, = ¢!No F' € M.

To prove this, equip sla(C) with the standard Hodge structure (3.11)
and gc with the usual mixed Hodge structure induced by (F,, W). Then,
as a consequence of Theorem (3.13) and the fact [Theorem (3.16), part
(¢)] that e*o F' is and SLg-orbit with data (F,, . = p), the represen-
tation
(6.21) p:sla(C) — gc

defined in Theorem (3.16) is a morphism of Hodge structure.
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By direct calculation:

,1d_h _ _E . H/2 1yN
(6.22) Wl = g, HiAd (y ) 0 ;2 N_s
Ad (k7' (y)) N = % +Ad (y7/2) Ad () [ 30 Ny
k>2

Similarly, a small computation in sla(C) shows that the basis (1.6) sat-
isfies the Hodge conditions:

(6.23) 7 € slo(C)™1 5 € 51(C)*0, 2T € sly(C)H

Therefore, since p is a morphism of Hodge structures, the image (X,
Z,X ™) of the basis (1.6) under p satisfy the analogous conditions

(6.24) X eghbl, Zeg® XTeght

at (F,, W). Comparing (1.6) and (3.15), it then follows that
1 1

(6.25) Ny = ?(X+—X_+Z), NS = §(X+—X_—Z)
i i

H=(X"+X).
Consequently,
1 1 1
(6.26) L (Ng) = ?L(XJ’ - X +2)= ?(uﬁ +iX7) = §H_
i i
To continue, we now recall that by [14], [25]

(6.27) (adNo) N_j € A

and hence the function Ad (y/2)Ad(e®No)(3" k>2 IV-k) takes values in
A2 Therefore, by equations (6.22) and (6.26):

(Fou )"
—LAd(H Y(y))N
_ L&) — LAd (y"7?) Ad(e™) [ > Ny,
Yy k>2

dh

__E ; H/2 ZyNo _ 31
= 2y+zAd( )Ad(e Y N | =h @

k>2

To relate equation (6.12) with Nahm’s equation, we now decompose
(6.28) Bly) = Ad (k™ (y))N

according to its Hodge components with respect to (F,, W). To this
end, observe that as a consequence of equation (6.18), the Hodge de-
composition of (y) with respect to (Fy,, W) has the same form as the
Hodge decomposition of N with respect to (e*.F.,, W). Therefore,
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by the next lemma, the Hodge decomposition of 3(y) with respect to
(Fo, W) is of the form

(6.29) Bly) =B y) + B () + B~ () + Be(y) + B-(v)

where

(6.30) Brw) =Y 8"Fw), B => 8" Fy).

k>0 k>0

Lemma 6.31. Let e*N.F be a nilpotent orbit. Then, with respect to
p 4
(e*N.F,W), the Hodge decomposition of N assumes the form:

(6.32) N = N-LL4 NOO 4 NL-1y <Z N ‘1’1_k> + (Z NO’_k> .

k>0 k>0

Proof. The fact the N is horizontal at e*V.F implies that

(6.33) N=N" "+ Z N=U17F mod @ g
k>0 r>0
Define
N—k — @ NS,
r+s=—k

Then, the horizontality (6.33) of N coupled with the fact that N = N
implies that

(6.34) Ng=N"bl 4 NOO 4 NL-L

Suppose that (6.32) is false and let k be the smallest integer such that
N_j, violates (6.32). By (6.34), k > 0. As such, by equation (6.33)

N—k — N71717k + N077k + Np»ipik + e
for some integer p > 0. By, Theorem (2.4):

(6.35) g =g"" mod H "

a<s,b<r

Accordingly, NP—k=7 is of Hodge type (—k — p,p) modulo lower order
terms. Consequently, since N = N and elements of type (—k —p,p) are
not horizontal, N?»»~%—P must be annihilated by part of the fallout of
the complex conjugate of some Hodge component N™* with r+s > —k.
On the other hand, by the definition of &, all such components N™*
satisfy (6.32). Therefore, by equation (6.35), there is no way for N to
annihilate N?»—%=7 since p > 0. q.e.d.

Following [34] and [7], define

(6.36) aly) = —2h1<y>%.



42 G. PEARLSTEIN

Then, by virtue of equation (6.12),

aly) =a" My +a M (Y) + o (y) +a-(y)

where
ab~t =207 oy = 2if,

(637) Oz_l’l _ _27;5—1,1 o — —27Lﬁ_.

On the other hand, differentiation of equation (6.28) shows that

(6.38) —2% = [B(y), a(y)]-

Inserting equation (6.37) into (6.38) and taking Hodge components, we
then obtain the following result:

Theorem 6.39. Let h(y) be a solution to equation (6.12). Then,

©40) A0 =B LAWL AW = Y 5w

r+s=0

and

d (B-) _ . adf®®  —2ads N\ (6o .. (154, 5-]
(641) d_y <ﬂ+> =1 <2 ad 617_1 —ad 5070 ﬁ+ +2’L 0 .
In particular, as a consequence of equation (6.40), we obtain the

following relationship between nilpotent orbits and solutions to Nahm’s
equation:

Corollary 6.42. Let h(y) be a solution of equation (6.12), and
(6.43)

X7(y) =27 (y), Z(y) =28""@), XT(y)=2i"""(y).
The function ® : (a,00) — Hom(sl2(C), gc) defined by setting
(6.44) @yt =XT(y), P(yi=Zy), Py =X (y)
is a solution (6.4) of Nahm’s equation.

Proof. The assertion that ® is a solution to Nahm’s equation is equiv-
alent to the system of equations:

. ]
045 2T Z0)XTW) 2% = 20).X )
= XWX (W)

To verify that the triple (6.43) satisfies equation (6.45), one simply
expands out equation (6.40) in terms of the Hodge components of (3.
q.e.d.
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The remaining Hodge components of « and § determine the extension
data 6(z). To relate these components to solution of Nahm’s equation

(6.44), let

_( adZ(y) —adX~(y)
(6.46) A= (—Qad X*?y) —3zad Z(g)>
and define
(6.47) D D !

r>0,s>0,r+s=k

Then, equation (6.41) is equivalent to the hierarchy of differential equa-
tions:

d [o-11-k L1k _
(643) < ok ) =A% o )+ (T)F) k=12
Accordingly, equation (6.48) can be viewed as a system of equations

relating the evolution of the extension data of #(z) to the nilpotent
orbits of pure Hodge structure induced by 6(z) on Gr'V.

7. Nilpotent Orbits of Pure Hodge Structure

The relation between nilpotent orbits and solutions of the generalized
Nahm’s equation presented in Theorem (6.11) can be inverted as follows:

Theorem 7.1. Let F, € Mg, and suppose that B(y) is an h-valued
function which satisfies the Lax equation

b _

(7.2) .

[B(y), L B(y)]-

Then, ~th,ere exists an h-valued function h(y), an element N € h and a
point F € M such that

(a) ()9 = —LB(y), Bly) = Ad (P~} (y))N;
(b) h(y).F, = eWN F.

Proof. The differential equation

ah _

(73) hw)g

—LB(y)
completely determines h(y) up to a choice of initial value h, € H. Like-
wise, by virtue of equations (7.2) and (7.3),

d

Ad (hfl(y))d—yAd (h(y))B(y) = 0.
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Therefore, 3(y) = Ad (b~ (y))N for some fixed element N € f. Simi-
larly, by virtue of equation (7.3),

“1( iy 4 iyl “1( N iRy iyN dh
R (y)e™ —e WV h(y) = h™ (y)e™ | —iNe YV h(y) + ¥ —

dy dy

~ dh

= —iAd (" (y))N + h~'—

AL )+

= —if(y) — LB(y) € gt.
Accordingly,
"N h(y) = gef(y)

for some Gg"—valued function f(y) and some fixed element gc € Ge.
Thus,

h(y).F, = eing@f(y).Fo = eWN
where F = g¢.F,. q.e.d.

Remark. In order for ¢*N.F to be a proper nilpotent orbit in the
sense of Definition (3.8), N must be real and $(y) must be horizon-
tal with respect to F,. In this case, we can then introduce a spec-
tral parameter into equation (7.2) by simply replacing 5(y) by Bi(y) =

S, WBPI(y).

In §6 of [7], Cattani, Kaplan and Schmid proved the SLg-orbit the-
orem for nilpotent orbits of pure Hodge structure 6(z) = e*V.F by
constructing a series solution

Bly)=>_ Bay™

n>0

of equation (7.2) such that (N, F) = (N, F). In this section, we summa-
rize this approach in some detail in preparation for the proof Theorem
(4.2) presented in §8-9.

To this end, let a be a complex Lie algebra and 4 be a representation
of sl3(C). Then, contraction against the Casimir element

(7.4) O =2z%e™ + 20 2t + 32
of sly(C) defines a pairing
(7.5) Q@ : Hom(sl2(C), a) ® Hom(4, a) — Hom(4L, a)

via the rule
(7.6)
Q(A, B)(u) = 2[A(z"), Bz~ w)] + 2[A(z7), B(z™ )] + [A(3), B(5.u)].
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Furthermore, a short calculation shows that, relative to the adjoint rep-
resentation U of slo(C), Nahm’s equation (6.2) is equivalent to the dif-
ferential equation

A
(7.7) 85, = Q@,).

Following [7], suppose that ® has a convergent series expansion about

infinity of the form
O = Z (I)ny—l—n/2

n>0
and let Q = 8Q,. Then, equation (7.7) is equivalent to the recursion
relations

(7.8) Qo = Qo(Po, o)

and

(7.9) (1+71/2)®p — 2Qu(D0,p) = Y Qo(Pp, Bpg), 1> 0.
0<k<n

Equation (7.8) implies that @y is either zero or an embedding of sly(C)
in gc. If &9 = 0 then ®,, = 0 for all n by induction. If &g # 0 then a
short calculation [7, 6.14] shows that
1
Qul®0,T) = 7-((Q) ~ T +87)

where £(2)T and QT respectively denote the left and diagonal action of
the Casimir element (7.4) on T € Hom(sl2(C), gc) = gc @ sla(C)*.

To continue, we now recall [7, 6.18] that relative to the sla module
structure induced on gc by ®¢, we can decompose

1
(7.10) Hom(sly(C),gc) = » > Hom(sly(C), g(r))*
r>0e=—1

where Hom(sla(C), g(r))€ is the isotypical component of consisting of the
span of all irreducible submodules of gc ® sla(C)* which are of highest
weight r with respect to the left module structure and highest weight
r 4+ 2¢ with respect to the diagonal structure.

Relative to the bigrading (7.10), the recursion relation (7.9) reduces
to the equation [7, 6.20]

(7.11) (n++e(r+1)Pp =2 > Qo(®p, Upyp)"™".
0<k<n
Therefore, subject to the compatibility condition
(7.12) > Qo(®k, Vyp)™ =0
0<k<n

equation (7.11) completely determines every component ®;° except
®" ! in terms of Pg,...,P,_1. The verification of the compatibility
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condition (7.12) in turn reduces a standard weight argument (cf. [7,
6.21]). Thus, given a collection of elements

(7.13) T,, € Hom(slo(C), g(n)) !
there exists a unique series solution ® of equation (7.7) such that

(a) (I)n € @rgn, r=n mod 2 HOHI(SZQ(C),Q(T));
(b) q)Z’il = Tn;

(c) 0 =op! = 0.

In particular, ®; = 0 since it must have highest weight —1 with respect
to the diagonal action of sla(C).

Imposing the condition that ® should be horizontal and map sl3(R)
into h = gg, it then follows that each 7;, must also be a morphism of
Hodge structure with respect to the standard Hodge structure on sly(C)
defined in §3 and pure Hodge structure

gc = @ g P
p

induced by F, on gc. Accordingly, since gc is the Lie algebra of a linear
Lie group Gg, the equation
d 1
7.14 hWl(y)— =—z®(h
(7.14) ) 3 = —52M)
therefore determines h(y) up to left multiplication by h, € H = GR.
Define

(7.15) h(y) = g(y)y"*

where H = ®g(h). Then, a standard weight argument shows that
_ dg 1 _ _ _

(716) g7 )5 =~y @) — @o(ny ™) = 3 By

m>2

Consequently, g(y) and g~*(y) have convergent series expansions about
oo of the form

(7.17) 9(y) =g(c) 1+ gyt + gy 2 +-)
g W) = A+ fiy 4 foy 24 g (o0)

where the coefficients g and fj are universal non-commutative polyno-
mials in the By with rational coeflicients.

To connect these results with the S Lo-orbit theorem, we now assume
that 0(z) = e*N F is a nilpotent orbit of pure Hodge structure and let

(7.18) (F,"W) = (e ®.F,"W)

be the splitting of the limiting mixed Hodge structure of 6(z) defined
by Theorem (2.16). Define
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where 9(73) = "NV F is the associated split orbit, and require ® to
be the associated representation of sla(R) defined by Theorem (3.13).
Then,

h(y)-Fo = g(y)y "1 F, = gly)e™.F.

On the other hand, by Theorem (7.1), h(y).F, = eWN I and hence
N = g(y)e¥N .

Therefore, in order to complete the proof of the SLo orbit theorem, it
remains only to show that one can select data (g(c0),{T},}) such that
(N,F) = (N, F). Assuming that g(co) € ker(N), this then boils down
after a lengthy calculation to the requirement that

e = g(c0) (1 + Z %(—i)k(ad No)kgk> .
k>0

At this point, the algebra/combinatorics of solving for g(oo) and {T,}
becomes sufficiently involved that I shall leave the details to §8 and [7].

8. Nilpotent Orbits of Type (I)

In this section we prove Theorem (4.2) for admissible nilpotent orbits
of type (I) by constructing a suitable series solution [((y) of the Lax
equation (7.2) using the outline of [7] developed in §7. To determine
what form the series expansion of ((y) should assume, consider the
following two examples:

Example 8.1. Let 7 : E — C denote the family of elliptic curves
defined by the equation

v? =u(u —1)(u — s)

and 7 : E — C denote the corresponding family of punctured curves
obtained by deleting the points of E lying over u = a for some fixed
parameter a € C — {0,1}. Then, the function

Bly) = Ad (b (y))N

attached by Theorem (6.11) to the nilpotent orbit of RL, (Q)®O¢_{0.1,q}
at s = 0 is given by the formula

N 4]
Bly) = Y P
Example 8.2. Let 0(z) = e*NV.F be a split orbit of type (I) and
U= H(1)® S(1) [cf. Theorem (3.14)]. Equip gc with the associated
slp-module structure defined by Theorem (3.16) and suppose that

Ui —gc
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is a morphism of Hodge structure with respect to F, = é(z) such that
c.¥U(1)=¥(s.T)
for all ¢ € sl2(C) and 7 € 4. Then,
0(z) = eNe V) B

is an admissible nilpotent orbit of type (I) with split orbit 6(z) and
associated functions

Bly) = yL 2

T ) = ey

Based upon such examples, let us assume that the desired function
B(y) is horizontal with respect to F, and has a convergent series expan-
sion about oo of the form

(.3) B =3 2.

n>0
Let ®(y) be the corresponding function defined by equations (6.43)—
(6.44) and ¥(y) be the linear map from 4 = H(1) ® S(1) to gc defined
by the equation
(8.4) Ule+if) =2i8"%y),  U(e—if)=—-2ip""".

Then, a short calculation shows that equation (7.2) is equivalent to the
pair of differential equations

(85) —8‘1”(:{/) = Q((I)v (I))a _2\11/(?/) = Q((I)a \Il)
Thus, as in [7], the series expansion
(ID(y) = Z q)nyilin/Z
n>0

of ® can be computed inductively starting from a collection of mor-
phisms of Hodge structure

(8.6) T, : sla(C) — g(n)
such that QT;, = (n? — 2n)T},, where

(8.7) ac = D o(r)

r

denotes the decomposition of g¢ into isotypical components with respect
to the sls-module structure
z.y = [Do(), 9]
induced by ®y on gc. Moreover, ®; = 0.
Similarly, the coefficients of the series expansion

(8.8) U=> Ty 2
n>0
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satisfy the recursion relation

3

(8.9) (n+2)v, Q(q)j’\l’n*j)'

j=0

Therefore, except for the contribution introduced by the term Q(®¢,¥,,),
equation (8.9) allows us to inductively compute the coefficients of .

Let R be the endomorphism of Hom(4l, g¢) defined by Q(®y, *) and
recall that if U, and U, are irreducible slo-modules of highest weight r
and s then

(8.10) U, ® Uy = &P Uy

|r—s|<t<r+s,t=r+s mod 2
where Uy is irreducible of highest weight ¢. In particular,
(8.11) Hom(gl, g(n)) = Hom(4, g(n))* © Hom(4, g(n))”

where Hom(4, gc(n))* is of highest weight n with respect to the left
action of sly on Hom(4l, gc) = gc @ (U)* and highest weight n £+ 1 with
respect to the diagonal action.

Calculation 8.12. R acts semisimply on Hom(il, g(n)) as multi-
plication by (n + 2) on Hom(i, g(n))” and multiplication by —n on
Hom(4, g(n)) ™.

Proof. Let e = (1,0) and f = (0,1) denote the standard basis of
C? and M be an irreducible submodule of gc of highest weight n. Let
{e*, *} be the corresponding dual basis of (C?)*. Then, relative to the
standard identification of M with Sym™(C?),

(8.13) MeU ~As B
where
A = span(ag, . .., an+1), aj=Mnm—j+1)e" Il e f*
— jen It it g
B = span(by, ..., b,_1), by =e" I It @ f p eI I @ e

are irreducible submodules of highest weight n+1 and n—1 with respect
to the diagonal action of slo(C), and [cf. (3.15)]

(8.14) h(a;)=(n+1—2)a;,  h(b)=(n—1-2j)b;

Accordingly, it suffices to compute R(a;) and R(b;). A short calculation
shows that

Q(o, 7)(v) = 2[o(ng), T(no.v)] + 2[o(ng ), 7(ng .v)] + [o(h), 7(h.v)].
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Therefore,
R(aj)(e) = 2ng .a;(f) + h.a;(e)
=ond.(n—j+1)e" 7 fI) + h(—jer It i
=2(n—j+1)je" T — j(n — 25 4 2)en T
=j(2n—2j+2—n+2j—2)er It il

= jne" I I = —naj(e).
The remaining calculations of R(a;)(f), R(bj)(e) and R(b;)(f) are sim-
ilar. q.e.d.
Corollary 8.15. ¥y =0, U; € Hom(4l, g(1))~, Y2 € Hom(4, g(2)) .

Proof.

By equation (8.9), R(¥y) = 2V, and hence ¥y € Hom(4, g(0))~
by Calculation (8.12). However, Hom(4, g(0))~ = 0 since it is highest
weight —1 with respect to the diagonal action of slo. Consequently, by
virtue of the fact that ¥g = 0 and ®; = 0, it then follows from equation
(8.9) that R(¥) = 3¥; and R(Vs) = 4W¥,. Therefore, by Calculation
(8.12), ¥; € Hom(4, g(1))” and ¥y € Hom(4, g(2))~. q.e.d.

To continue, given a semisimple endomorphism of A of a finite di-
mensional vector space V, let [>0<]f\1 denote projection from V onto the A
eigenspace of V. Then, by virtue of Calculation (8.12),

r 1R
(8.16) (n—kW, =1 > Q@;W,
[ 0<i<n i)
r 1R
(n+k+2)0 =1 > Q@;,¥, )
| 0<j<n 1k

where \Iffk denotes the component of ¥,, which takes values in Hom (4,
g(k))*. Therefore, subject to the compatibility condition
R
(8.17) > Q@) =0
0<j<n n+2

equation (8.9) allows one to compute ¥, modulo ¥, , from & and
Uy, oo, U,

To handle the compatibility condition (8.17), observe that by virtue
of equation (8.10),

1
Hom(slz(C), g(n)) = € Hom(slz(C), g(n))*

e=—1
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where Hom(sl2(C), g(n))¢ is highest weight n with respect to the left
action of sly(C) on gc and highest weight n + 2¢ with respect to the
diagonal action.

Lemma 8.18. Let C € Hom(sly(C), g(r))~! and B € Hom(4, g(s))~.
Then,

Q(C.B) € . Hom (4, g(t)).
[r—s|<t<r+s—2,t=r+s mod 2
Proof. By equation (8.10) and the Jacobi identity,
[a(r), ()] € a g(t).
[r—s|<t<r+s,t=r+s mod 2

Therefore, it suffices to show that Q(C, B) projects trivially onto
Hom(4, g(r + s)). Direct calculation shows that every irreducible sub-
module of Hom(sly(C), g(r)) ! is isomorphic to span(cy, . . . , ¢;—_2) where

cr(ng) = & F=2fk+2 () = ger kL phtl o ) = _erk gk,
Accordingly, by the semisimplicity of slo(C), it is sufficient to show that
Q(er,bj) =0 mod P Hom(i,g(2)).
t<r4s—2
Consider Q(cg, bj)(e):
(8:19) Q(ex,bj)(e) = 2[er(mg), b; ()] + [er(h), bj(e)]
— 9[erkpk smi=l pitl) 4 g[er—h-1 gkl s i)
€ Erqsar—2j-2(h).
Suppose that Q(ck, bj)(e) projects non-trivially onto g(r + s). Then, by
(8.19), ngt* 7 F L Q(er, b)) (e) # 0. But,

nngS*j*k*l.[er_kfk, 6s—j—1fj+1]

_ (7‘ + s ;i; k — 1) [ng—k‘erfkfk’ ng_j—l'esfjflfjjrl]

r+s—j—k—1 .
(T e -
T e
Likewise, nSJFS_j_k_l.[er*k*lka, eIl = (r+s—j—k—DIf, £
Combining these two equations with (8.19), it then follows that
Q(ck, bj)(e) projects trivially onto g(r + s). Similarly, one finds that

Q(ck, bj)(f) projects trivially onto g(r + s), thereby proving the lemma.
q.e.d.
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Theorem 8.20. For any choice of a collection of morphisms of Hodge

structure
Sy € Hom(, g(n))~, n>0

there exists a unique, convergent b-valued series solution ¥ =
Y om0 Uy~ 1="/2 of equation (8.5) which is horizontal with respect to
F, such that

(a) \I’n S EBTSn,rEn mod 2 Hom(il,g(r));

(b) \Ijg,n = Sn;

(c) ¥y, =0.

Proof. The desired function ¥ can now be constructed inductively
using equation (8.16). Namely, by Corollary (8.15), we can assume by

induction that W, satisfies conditions (a)—(c) for m < n. Therefore, by
Lemma (8.18),

(8:21) Y Q®;, T, ) € . Hom(44, g(t))
0<j<n t<n,t=n mod 2

since

D, € @ Hom(sla, g(s))

s<k,s=k mod 2
by [7, 6.17]. Consequently, ZO<j<n Q(®;, ¥,,_;) satisfies the compati-
bility condition (8.17), and hence we can solve for ¥,, modulo ¥, , using
equation (8.16). In particular, by equation (8.21) and (8.16), ¥}, = 0.
Likewise, W, = 0 for n > k. Thus, given ® and ¥y,...,¥,_; there
exists a unique solution ¥,, to equations (8.9) which satisfies conditions

(a)~(¢).

Imposing the condition that S, = W, , be a morphism of Hodge
structure, it then follows from [7, 6.47] and equation (8.16) that ¥, is
horizontal and takes values in b.

To prove that the formal series solution

\Il(y) = Z \I’ny_l_n/2
n>0

constructed above converges about y = oo, recall that gc¢ is a subalgebra
of gl(V) and let || % || be norm on ¢l(V¢) such that |AB|| < ||Al||| B
Define

Al = 4(A@ )+ [[A@7) + [|AG)) A € Hom(slz(C), gc)
1Bll2 = [|B(vy)ll + | B(v-)|l B € Hom(Y, gc).
Then, a short calculation shows that
1Q(A, B)l2 < [|All1]|Bll2-
Therefore, by equation (8.9),

(n+2)[[Wnllz < [Doll1[[Walla+ D [195011]Tn-jlla
0<j<n
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and hence

(8:22) (n=D[Tallz < > 195]1]Tnjll2
0<j<n

upon rescaling || * || so that ||®g||; = 3.

To continue, we note that since gc is finite dimensional, there exists
an integer m such that g(n) = 0 for n > m. Consequently, S,, = 0 for
n > m and hence

ax ||.S
max S
is finite. Therefore, there exists a constant D such that?

(8.23) ez < D (max [|Sel2)"

for £ < m. Similarly, by [7, 6.24] there exists a constant C' such that
11 < C* (max | T [)".

Assume by induction that (8.23) holds for £ < n, and enlarge D if
necessary so that

D [[Sil2) > Clmax [ Ti ).
Then, by equation (8.22),

(=D all2 < D" 125l110¥ayla

0<j<n

< 3 Cmax [Tl D max | Si)"
0<j<n

< Z D™ (max||Sk[|2)" = (n —1)D" (max||.Sk[|2)".
0<j<n

Therefore,
I¥nllz < D" (max || Sill2)"

for all n, and hence the series ), - U,y 17"/2 converges on some in-

terval (a, 00). q.e.d.

Invoking Theorem (7.1), we now obtain an H-valued function h(y)
such that
dh 1
h'— =-LB(y) = —=®(h) — ¥(e).
= ~LBy) = —5(n) - W)

Following [7], let H = ®4(h) and g(y) be the H-valued function defined
by the equation

(8.25) h(y) = g(y)y /2.

3In the degenerate case maxy ||Sk||2 =0 all S, = 0 and hence ¥ = 0 by Theorem
(8.20).

(8.24)
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Then,

adY
s20) (oG] =g @ sy

1 —H/2
s =
[ dy|_4
Where Y = YV(FO,W)'

Theorem 8.27. g~ !(dg/dy) = Yom>2 Bmy™™.

Proof. Due to the short length of W,

g_lﬁ _ [g_lﬁ]ady_'_ [g_lﬁ]ady
dy dy g dy| 4

Therefore, since ® is isomorphic via the grading Y with the correspond-
ing function defined by nilpotent orbits of pure Hodge structure induced
by 6(z) on Gr"| it then follows from [7, 6.30] that

dg adY
] =S s
Yo

m>2
where )
ad a
[Bm]o V= D) Z [(Dn(h)]Q?rffl)fn
n>m
To establish that [g~ y] is also of this form, observe that by (8.26):
(8.28) [g1 @] =y () = —y 2 (3 W)y
dy -1 n>0
) (Z Z 12 2ry—1—n/2>
n>0 r=0
=Y Oy
n 27“ :

n>0 r=0

However, by the description of the irreducible submodules B of
Hom(, g(n))~ presented in Calculation (8.12), [¥,,(e)]¥,, = 0 and hence
equation (8.28) reduces to

d
[gldﬁ S W@y = 3 BTy

n>0 r=0 m>2

where
(8.29) (B == > [Wa(e)lst,
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Corollary 8.30. The functions g(y) and g~'(y) have convergent

Taylor expansions about y = oo of the form
9(y) = glco) 1+ g1y~ + g2y +--+),
g7 ) = A+ fiy "+ foy 2+ g H(0)

where g(o0) is an arbitrary element of H determined by the initial value
of h(y). Moreover, the coefficients g, and f, can be expressed as uni-
versal non-commutative polynomials in the By, with rational coefficients,
weighted homogeneous of degree n when By when By, is assigned weight

k—1. Bpy1 occurs with coefficient —1/n in g, and with coefficient 1/n
in the case of fy.

Proof. See Lemma (6.32) in [7]. q.e.d.
Calculation 8.31. “0 B, =0.
Proof. That n&.[Bi]y = 0 is shown in [7, 6.32]. Moreover, by (8.29):

By =~ > [Wale)l3-1)-n
n>k—1
and hence
n’&[Bk]}:l == Z nlg’[wn(e)]g(kfl)fn =0
n>k—1
since W, (e) takes values in @®,<, g(r). q.e.d.

Corollary 8.32. nk+1 g = nkH fr=0.

Proof. By Corollary (8.30), g and f are homogeneous polynomials
of degree k in Bs, ..., Bry1 with respect to the grading deg(By) = ¢ —1.
Therefore, by virtue of Calculation (8.31) and Leibniz rule, both nf*!.g,
and nkH fi=0. q.e.d.

Theorem 8.33. Let B(y) = ®(no) + W(f) denote the solution equa-

tion (7.2) constructed above, and efN F be the associated nilpotent orbit
defined by Theorem (7.1). Then, N coincides with Ny = ®o(ng) if and
only if g(oc0) € ker(ad Np).

Proof. By definition,
N = h(y).B(y) = h(y).(BW] + [Bw)IY1) = h(y).[BW)]S + h(y)(f).

Moreover, since ¥y = 0,

y 120 (f)

e (z >l

n>0 r=0

_ZZ n2r _l_n+T:{"'}y_l+{"'}y_2+”'

n>0 r=0



56 G. PEARLSTEIN
Thus, making use of the calculations of [7], we have
N = Wyl B + -+ o2 4
=gy "B Yy T
=g(y).(No+{ Yy t+{ Iy 2+-)

+{
=g(co)No+{--- Yyt +{ Yy 2+

and hence N = g(o0).Np. q.e.d.

To connect previous constructions with Theorem (4.2), let us now
suppose that 6(z) = e*V.F is an admissible nilpotent orbit of type (I),
and let

0(z) = N F
be the associated split orbit obtained by applying the splitting operation

(F,"W) = (e"®.F,"W)

to the limiting mixed Hodge structure of 6. Define

~

(8.34) F,=0(v-1) =N F

and let (Ny, H, NJ ) be the associated sla-triple obtained by application
of Theorem (3.16) to 8. Set

(8.35) Do(ng) = N, ®(h) = H, Do(ng) = Ny
and recall that Ng = N due to the short length of W.

Theorem 8.36. Let 5(y) = ®(no) + WU(f) denote the solution equa-
tion to (7.2) constructed above, and e*N.F be the associated nilpotent

orbit obtained from Theorem (7.1). Assume that F, and ®¢ are given
by equations (8.34)—(8.35) and g(co) € ker(ad Ny). Then,

F = g(0) (1 +)° %(—i)k(ad No)* gk> E.

k>0
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Proof. By Theorem (7.1), h(y).Fy = ¢¥No.F. Therefore,

F = e_’yNOh( ).F, = e_ZyNog(oo) (1 + Z gky_k> y_H/QeiNO.F
k>0

= efinog(OO) (1 + Z gkyk> N |

k>0

= g(o0)e™ 0 (1 +> gky_k) o F7

k>0

= g(o0) (eiyadNo (1 + Z gkyk>> F
k>0
=g(oo) | 1+ Z

k>0,7>0

Moreover, by Corollary (8.32), (ad No)j gr = 0 whenever j > k. Thus,

13': (c0) 1+ZZ

ang) gy F | LF

(adNoY g |

k>0 7=0
= g(o0) (1 +> %(i)k(adNO)k9k> F
k>0

+{ oyt
Accordingly, upon taking the limit as y — oo in this last equation we

obtain the stated formula for F'. q.e.d.

Thus, in order to complete the proof of Theorem (4.2) for admissible
nilpotent orbits of type (I), it is sufficient to show that we can select
morphisms of Hodge structure

T, € Hom(sl2(C),g(n)) ™", S, € Hom(4l, g(n))~

for n > 0 and element ¢ = log(g(o0)) € h N ker(ad Ny) N A(F TW) such
that
e (1+Zk' Flad No)* ¢ )
k>0

Theorem 8.37. Let 0(z) = ¢*V.F be an admissible nilpotent orbit
of type (I). Then, the solutions [B(y) of equation (7.2) which have the
following three properties

(1) B(y) is horizontal at F, = é(z),
(2) Bly) = Xus0 Buy ™%
(3) ﬁo = NO;'
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are in 1-1 correspondence with the elements n € hNker(ad No)NA~ 27!

(F,mW)
n= Z [ﬁn]i(izH

n>0

via the map

Proof. If (B (y) satisfies the conditions stated above then so does
[B(y)]adY". Therefore, by Lemma (6.41) in [7] the map

adY
Il = [Z [ n}i%?] =" (1805 ]

n>0 0 n>0

adH

—-n

determines a bijective correspondence between the morphisms 7}, and

the elements of h Nker(adY’) Nker(ad Ny) N A(}l:‘/‘l/)

To recover the morphisms S, from [7]24"", observe that since (F,, W)

is split over R,
H= @ 8(,w)
r4+s=—1

is a pure Hodge structure of weight —1 with respect to which the repre-
sentation of sla(C) defined by ad @y is Hodge. Therefore, by Theorem
(3.14) we can decompose H into a direct sum of irreducible submodules
M, each of which is isomorphic to one of the following two standard
types

(a) H(d) ® S(n), n=2d — 1 odd;

(b) EPY® S(n),n+p+q=—-1,p—q>0;
where S(n) = Sym™(C?) is the standard representation of sla(C) of high-
est weight n equipped with the Hodge structured obtained by declaring

(838) Vp = (6 + ’L'f)r(e o ’L'f)n_r

to be of type (r,n —r), and H(d) = Ce~%~% and E(p, q) = CeP4 @ Ce?P
are trivial representations of slo equipped with the Hodge structure
obtained by requiring €* to type (r,s) and €% = €.

Let SM denote the projection of S,, onto such an irreducible module
M. Then, a short calculation shows that

(8.39) SM(e+if) = e b Q@ uy, SMe—if) =44 Qug_y

for some real number 7, if M is of type (a). Similarly, if M is type (b)
then

(8.40) SMetif)y =TT @v_p + TP @ vy,
Sfy(e — Zf) =71l ® V_p-1+ Tme?? ® V_g—1

where Ty € C, p,g<0and p+qg+n=—1.
In particular, if SM is of type (8.40) then

208" (f) = T ® (v—p — vop1) + Tre"? ® (Vg — vg1).
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Moreover, for any index 0 < k < n,
vk — vp—1 = (e +if)F(e — z’f)”_k —(e+if)fHe—if)Ftt
= P (=) R =T )T ()
= (20)i2knt 4 e(- ).
Accordingly, using the identity p + ¢ +n = —1, it then follows that
(841)  [BYI =[S (PP = (—i)¥rpe @ f 4+ Xrye? @ 7
where y = p — ¢. Similarly, if S} is of type (8.39) then
(8.42) B = e
Therefore, the sum
(8.43) adY Z n ZZ ﬁM ad H

n>0 M

determines 7 for all M.
To verify that the sum (8.43) takes values in A L1 suppose that

() W)
SM is of type (8.40) and observe that
eiNo'(ep,q e ) =@y, € g?;rpvt‘z/)
and hence
{eNo (P @ €M)} (FT) = eVo(eP? @ eM)e~NogiNo for

= No(ePd © M) FT C N0 et

Therefore,
(8.44) (P9 @ ™) (FT) C FrtPir,
Furthermore, by Theorem (3.16),

H="Y-Y

where "Y is the grading of "W defined by the [P?’s of (F',"W) and Y
is the grading of W defined by the IP%’s of (F,, W). Consequently, the
condition that e ® e™ be of weight n with respect to H and weight —1
with respect to Y implies that

p,q t,n—1— t

i@t € @ 95 rw)
Imposing the condition (8.44), it then follows that

»,q tn 1— t
(8.45) Pl ®e" e @ g’ (B rw)

t>n+p

Likewise, switching the roles of p and g,

q,p s,n—1—s
(8.46) P @e" € @ 8w -
s>n—+q
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Thus, since €7P ® e = "9 ® e™ and (F ,"W) is split over R, equations
(8.45) and (8.46) imply that the Hodge components

(P9 @ enytn—1-t
of e’ ® " with respect to (F,”W) vanish unless
(8.47) t=n—1-—s, t>n+p, s>n+q.
Recalling that p+ g+ n = —1, it then follows from equation (8.47) that
(Pl @em)in17t =

unless ¢ = n + p. Accordingly, since Ny is a (—1, —1)-morphism of
(F7TW)7

(8.48) I fr = (No)" (P @ ") € g yp-

Now, by equation (8.40), p,q < 0. Therefore, by equation (8.41) and
(8.48),

MiadH - _p.q a.p —1,-1
[Sp 155" € 8wy @ 85wy < A(FKW)'

Similarly, if SM is of type (8.39) then

MiadH —d,—d —-1,—-1
[Sn ]fn € g(p’rw) g (F7TW)'

q.e.d.

Following [7], we now note that by virtue of Corollary (8.30)

(8.49) 1+ Z %(—z)k(ad No)k g = exp (Z Qk(CQ, e ,Ck+1))

k>0 k>0

i)t
where Cypy1 = (ﬂ) (ad No)*Byy1.

Calculation 8.51. Let (1 —z)"(1+z)® = Y, bl ;a’. Then,

dy . (—1 dY \—p,—
Coli™ =i > by 141 (5T ) P71
0,q>1,p+q>4+1

adY ) adY
0 0

where ([n] ~P~1 denotes the component of []3** of type (—p, —q)

with respect to (F,"W).
Proof. See Lemma (6.60) in [7]. q.e.d.

Calculation 8.52.
. /—1 oy
[Cf'i‘l]a;dly =1 Zp,qu,p—&-qu—ﬁ—l bp—l,q—l([n]a;dly) P,
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Proof. By equation (8.29),

AT
853)  Conl = ~C vy Y e

—q 4
: ez) > (adNo) [Sn(e)l3 1%

n>/{

)¢
=SS (aang) [ e,

n>0 M

where S, = >, SM denotes the decomposition of S, into irreducible
components of type (8.39) and (8.40).
Now, for any index 0 < k < n,
(854) v = (e+if) (e —if)" " = (i(f —ie))"((=i)(f +ie)" "
— i2k_n(f _ Ze)k(f + ie)n—k — Z'2k‘—’n Z itszn_ketfn_t-

t

Therefore, if SM is of type (8.40) then
(S’ (e)]561%
L 1
— §TMepvq ® [I/_p + V_p_l]%?gl + 5fMeq,zu ® [V_q + V—q_l]g‘?ﬁl

— ETMepvq ® (2‘—2p—n+€b€
2

-—2p—2+n+L1 0 £ pn—{
—p,n+p +1 b ) e f

—p—1,n+p+1

-—2q—24n+Lpl l pn—L
+i b—q—17n+q+1> e f

1
Ao— , / ¢ ¢ pn—t
=5 X rePl @ (b_p7_q_1 — b_p_l’_q) e f

1. _ _
n §Z1+£+XTM€q,p ® (be—q,—p—l _ bé_q_l’_p) el

1
7 eDP —2q—n+Lpl
+ 5 TME ® (z b g ntq

where x = p — ¢ [recall: p+q+n=-1]. To simplify the above expression,
observe that

(12" (L4 a)" " = (1= a) (L a)
— (l —_ l‘)k_l(l + l‘)n_k((l . SL‘) _ (1 I ZL‘))
= (_Q-T)(l _ J?)k_l(l + x)n—k
= (—22) Z 52—1,n—kxt
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and hence
bﬁ—p,—q—l o bé—p—l,— - 2b£—p1 I,—q—-1
b{q,fpfl - b{qfl,fp 2612—(11 1L,—p-1
Accordingly,
(8.55) (Sl (e)]5efy, = —b5 1y 1 (T T Xyt @ e )
_ be_ql , _p_1<Zl+€+x71M6q,p ® el 1.

Inserting (8.55) into equation (8.53) it then follows by equation (8.48)
that

(8.56) CZ+1 = zbé_pl T XryPl @ f7 4 Zb_p - 1Z'x7:M6q,p ® "
' fpfl,qul(n e 1(77M)4’P.
Similarly, if S is of type (8.39) then
(8.57) City = ibgy g (") ™74

Thus, combining equations (8.56) and (8.57) and switching the signs of
p and ¢, we obtain the formula:

[Cer]2 Z Civ=i Y 0T () e

p,q>1,p+q>0+1

In particular, by virtue of Calculations (8.51) and (8.52),

. — —p,—
Cf+1 =1 E : b 1 q—17 P,
p,q>1,p+q>0+1

Therefore, since Cy41 is of the same algebraic form as in Lemma (6.60) of
[7], we can use this result verbatim to prove that given ¢ € hNker(N)N
21—

(Frw)
that

we can find unique elements ¢, 1 € hNker(N)NA 2! such

(Fw)
5, (1+Zk, F(ad No)* g )

k>0
By the above remarks, this completes the proof of Theorem (4.2) for
admissible orbits of type (I).

9. Nilpotent Orbits of Type (II)

Suppose now that 6(z) = e*V.F is an admissible nilpotent orbit of
type (II) and let 6(z) = e*N.I' be the associated split orbit. Then,
application of Theorem (3.16) to 6(z) defines a corresponding splitting

(9.1) N =Ny +N,
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of N such that fy(z) = e*No.F is an SLy-orbit. Consequently,
F, = 0y(i) € Mg.

Furthermore, since 6(z) is of type (II), the Hodge decomposition of the
associated function 8(y) = Ad (h~!(y))N defined by Theorem (6.11) is
of the form

(9.2) Bly) =414+ %0 4 g7t 4 g0 g7 10 4 gL

As in §7-8, the first five components of the right hand side of equation
(9.2) are governed by the system of differential equations

—8% = Q(®,d), —2U =Q(®,0).

Therefore, as in §7-8, we can formally solve for these components start-
ing from a collection of morphisms of Hodge structures

T, : sl2(C) — gc, Sn U —ge.
To solve for 3~171, we now return to equation (6.41), which implies
that

(9.3) d

S 0T =l a2 ),

Y

Next, we recall that since 6(z) is of type (II) there exists an index k
such that the Hodge decomposition of (F,, W) is of the form

(94) V(C — Ik,k ) @ Ipvq P Ik—l,k—l
p+q=2k—1

for some index k. Therefore, since Grg‘,g and Grg‘,;_Q are of pure type
(k,k) and (kK — 1,k — 1) it then follows from [7] that ® acts trivially
I®F and I*=1*=1 Consequently, [3%°, 3=571] = 0 since 3~1~! maps
I** to I*=1k=1 and annihilates the remaining summands appearing in
(9.4). Thus, equation (9.3) simplifies to

d 11 r20,—1 4—1,0

- ’ =92 ) 5

dyﬁ i, B8
and hence

(9.5) A = 2 /[ﬁo"l, 510 dy.

Remark. The assertion that ® must act trivially on Grgz and Grg‘,gi2
is a simple consequence of the fact that ®y; must be a morphism of
Hodge structure, and hence ®q(x7), ®g(x*) must be of type (—1,1) and
(1,—1) respectively. Therefore, the purity of Grg‘,g and Grgz_g implies
that ®¢ must act trivially. As such, the equation —8%" = Q(®, ®) then
implies that all of the higher coefficients of ® must also act trivially GT;/I]:;
and Gr%d. In particular, Ny and H commute with every element of

A(*;(;;;) = Lie_o(W).
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To continue, we now observe that by (6.20) we know that if 6(z) was a
split orbit then the associated function h(y) defined by Theorem (6.11)
would be given by the formula

h(y) _ eine—inoy—H/Q _ ein_gy—H/2.

Accordingly, when 6(z) is not split we shall write

(9.6) h(y) = g(y)e?N=>y~ 172,
Therefore, by equation (8.26),

_ d _ 1 H 1 .
(9.7) ¢ l(y)d_gg/ =y /2, (—?D(h) + % \I'(e)> +if7 b N,

Setting = N_g it then follows from equations (9.5) and (9.7) that
(9.8)

d 1 H
gfl(y)d—z =y H/2, <—§<I>(h) + 2 \I/(e)> _ 2/[60’1,,6170] ay
where
(9.9) _2/ WO,—I’ B_LO} dy = y—2{_ )+ y—5/2{‘ g

since %! and 710 have leading order term y~3/2. Combining equa-
tions (9.8) and (9.9) with Theorem (8.27) it then follows that

Thus, just as in Corollary (8.30),
9(y) = g(00)(L+ g1y~ + g2y > +--+)
9 ) = A+ Ay + foy P 4 )9 (00)

where g(o0) is an arbitrary element of H and g,, and f,, can be expressed
as universal non-commutative polynomials in the coefficients By.

Continuing the analogy with §8, it remains to show that we can select
data (g(c0),{T,},{Sn}) such that

h(y).F, = ¢¥N F.

In particular, the proofs of Theorem (8.33) and (8.36) imply mutatis
mutandis that h(y).F, = %N I where

(9.10) F = g(c0) (1 +) %(—i)k(ad No)kgk> F

k>0

provided g(oco) € ker(ad N) = ker(ad Ng) N ker(ad N_2). Furthermore,
just as in §8, for purely formal algebraic reasons (cf. [7])

(9.11) 1+) %(—i)k(ad]\fo)kgk = exp (Z Qi(C, ... ,c,m))

k>0 k>0
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where Cpyq = ( ;!) (ad No)*Bgy1. Recycling the argument of Calcula-
tion (8.52), one then finds that

. /—1 —p,—
(9.12) Cop1 =1 Z by—1,4-17 b
p,q>1,p+q>l+1

where 7 = >, [8,)24 and B(y) = N_o + > >0 Boy~ 172 is the
series expansion of 3.

To complete the proof of Theorem (4.2) for orbits of type (II), observe
that since Ny acts trivially on Grgz and Grgz_w the corresponding
limiting mixed Hodge structure on these graded pieces is also of type
(k,k) and (kK — 1,k — 1). Therefore, if we decompose the splitting

(F, W) = (°.F,"W)

of the limiting mixed Hodge structure of (z) as
0=0+0d_1+09

relative to the grading Y defined by application of Theorem (3.16) to
6(z), then &y acts trivially on I** and I*~1*~1  Consequently, y com-
mutes with every element of Lie_o(W), and hence

ei§ — 6i6,26i50+i5,1 )

Proceeding as in the last part of §8, we can therefore pick elements 7
and ¢’ so that

eotid—1 — o oxp <Z Qr(Ca, ..., Ck+1)> mod exp(Lie_o(W)).
k>0

Accordingly, since H contains exp(Lie_o(W)), we can therefore pick
elements 1 and ¢ such that

616 = GC (1 + Z E(—z)k(ad No)k gk> .
k>0

The remaining details regarding the uniqueness of 1 and ¢ now follow
as in §8.
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